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Abstract

This thesis provides an overview of known results concerning the quantitative Eu-
clidean isoperimetric inequality and related functional inequalities. The primary
focus is the investigation of the asymptotic behavior of the optimal constant as the
dimension n tends to infinity.

We present an ongoing attempt to determine the precise asymptotic growth of
this constant, following a roadmap proposed by Prof. Figalli:

• Local Expansion: Establishing the bound for sets satisfying weak graphi-
cality conditions over the ball.

• Local to Global: Implementing a reduction procedure to substitute generic
sets with the aforementioned graphical ones.

This framework is inspired by the approach successfully applied to the quanti-
tative Sobolev inequality for p = 2 by Dolbeault, Esteban, Figalli, Frank and Loss,
which is analyzed here in detail.
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Chapter 1

Introduction

1.1 History and State of the Art

The sharp isoperimetric inequality states that, given a fixed volume V > 0 and a
dimension n, the minimum value of the perimeter P (E) among the finite perimeter
sets E ⊂ Rn with volume |E| = V is achieved only by the round balls. This result
has been known in full generality since the work of De Giorgi, who proved it in
1958 (see [22]).

A question that has recently gained interest is whether a set with almost optimal
perimeter, say P (B)+ε, is quantitatively close to a ball. The type of inequality on
which we are going to focus is known as the Euclidean quantitative isoperimetric
inequality, and states the following: for a set of finite perimeter E ⊂ Rn with
|E| <∞ and reference ball B with |B| = |E|, define the quantities

δ(E) =
P (E)− P (B)

P (B)
α(E) = inf

{︃
|E∆B(x, r)|

|E|
: |E| = |B(x, r)|

}︃
where in particular P (B) = nω

1
n
n |E|

n−1
n . Then there exists a constant C(n) such

that
α(E) ≤ C(n)

√︁
δ(E)

for all such E.

The optimality of the exponent has been achieved in full generality for the first
time by Fusco, Maggi and Pratelli in 2008 (see [31]). However their proof involved
many rough symmetrization arguments, with exponential constants arising, so that
the resulting control on the optimal constant Cbest(n) was extremely weak. To be
precise, their proof does not yield an explicit constant, due to the reliance on com-
pactness arguments.
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Before that, the best known exponent was 1
4 , achieved by Hall in [32], where he

was also able to obtain the exponent 1
2 for axially symmetric sets.

It is worth mentioning that, for n = 2, we are very close to determining the

optimal minimizing shape for R(E) =

√
δ(E)

α(E)
, especially thanks to the works of

Hall, Hayman, Campi, Cicalese and Leonardi (see [33], [14], [18], [19]).

The first explicit estimate on Cbest(n) was found by Figalli, Maggi and Pratelli
in 2010 (see [27]), by expanding on Gromov’s technique from the 1990s, which
utilizes the Brenier map. By a sharp quantitative analysis of the map itself, they
were able to obtain a growth control of Cbest(n) ≲ n

9
2 (actually improvable to n3

as we will show).

However, the claimed growth rate is actually a bit smaller, specifically we expect

Cbest(n) ≍
√
n .

Recently Dolbeault, Esteban, Figalli, Frank and Loss determined the sharp
asymptotic growth for the optimal constant of the quantitative 2-Sobolev inequal-
ity (see [23]). A very fruitful observation is that, up to a stereographic projection,
the sharp 2-Sobolev inequality can be stated on the sphere Sn in such a way that
one of the Aubin-Talenti bubbles becomes precisely the constant 1. In this setting,
they divided the proof in two steps:

• Local Expansion: They proved the claimed quantitative inequality for func-
tions 1+ r with ∥r∥L2∗ ≤ δ for a fixed δ independent of the dimension n. The
core idea is to truncate the function at specific heights to split the ∥1 + r∥L2∗

term. This ensures that the small variations of r yield a quadratic contribu-
tion, which can then be controlled using spectral theory.

• Local to Global: It is well known that alternating radial rearrangements and a
certain conformal transformation makes every function converge to an Aubin-
Talenti bubble. Moreover one can partition the radial rearrangement into a
sequence of suitable continuous Steiner symmetrizations, a tool first intro-
duced by Brock in [12]. A careful study of this process makes us land back in
the first case.

In the isoperimetric case, the first step might actually be carried out within a
sufficiently large class of graphs over the ball. This was realized for the first time by
Fuglede in [28], but he needed a very strict control of the C1 norm. Borrowing the
technique from Dolbeault et al. we aim to significantly weaken these hypotheses,
but it is not clear yet if this is going to be enough to perform a local to global
procedure.
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The local to global step in the isoperimetric case would probably require a
procedure reminiscent of that performed by Cicalese and Leonardi in [18]. A major
limitation of their approach is that the proof proceeds by contradiction; thus, it
only establishes the existence of such a constant.

1.2 Examples

Remark. By lemma 2.2.4 we can often assume the ball to be centered in the origin.
Moreover, one can easily show that

min
|E|=|B(x,r)|

|E∆B| ≤ 2min
x,r

|E∆B| .

Hence we can consider any ball to bound α(E) from above, as long as we normalize
with |E| (or even with |B| if |E| ≍ |B|).

The main examples that achieve the claimed growth rate can be split in two
classes:

• Good deformations of the ball: precise computations for explicit examples are
usually difficult to perform, but sometimes it is possible to make sharp esti-
mates.

Let us consider an ellipsoid

Eε =

{︄
x21

(1 + ε)2
+ (1 + ε)

2
n−1

n∑︂
i=2

x2i ≤ 1 : x ∈ Rn

}︄
for which clearly |Eε| = ωn. Borrowing the notation from the next chapter,
we have

u(x) =

(︄
x21

(1 + ε)2
+ (1 + ε)

2
n−1

n∑︂
i=2

x2i

)︄− 1
2

− 1 = εvn(x) +On(ε
2)

where vn(x) = n
n−1

(︁
x21 −

1
n

)︁
. Now and when needed, we consider ε small

enough to suppress the dependence on n, so that for example On(ε
2) = o(ε).

Then, with a computation analogous to Fuglede’s estimate (see next chapter)
we get

P (Eε)− P (B) =
ε2

2

(︃ˆ
Sn−1

|∇vn|2 dσ − (n− 1)

ˆ
Sn−1

v2n dσ
)︃

+ o(ε2)

=
ε2

2
(n+ 1)

ˆ
Sn−1

v2n dσ + o(ε2)

where we used that ∥∇vn∥22 = 2n ∥vn∥22, since vn is a spherical harmonic of
degree 2.
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Analogously

ωnα(Eε) =
1

n

ˆ
Sn−1

|(1 + u)n − 1| dσ = ε

ˆ
Sn−1

|vn| dσ + o(ε)

It is easy to compute
ˆ
Sn−1

v2n dσ =
2n

(n− 1)(n+ 2)
ωn ∼ 2ωn

n

while for the other integral, we recall that the random variable
√
nx1 (with

normalized σ) converges in law to N (0, 1), so

1

ωn

ˆ
Sn−1

|vn| dσ ∼ 1√
2π

ˆ
R
|t2 − 1|e

−t2

2 dt =
4√
2πe

All in all α(Eε) ∼ 4ε√
2πe

and δ(Eε) ∼ ε2

n , and consequently

α(Eε)√︁
δ(Eε)

∼ 4

√︃
n

2πe

which proves both the upper bound 1
2 for the exponent and the lower bound

Cbest(n) ≳
√
n.

• Big asymmetry: let E = B(x, 2−
1
n ) ∪ B(−x, 2− 1

n ) and x large enough, then
α(E) = 1

2 while

δ(E) =
2nωn2

−n−1
n − nωn

nωn
= 2

1
n − 1 ∼ log(2)

n
.

Finally, let us show an interesting sub-optimal case, which is that of a sphere
with (possibly many) tentacles:

Let ε(n) > 0 be as small as needed, then attach to a unitary ball m disjoint
cylinders with base radius ε and height h ≍ 1. Since their volume and surface area
satisfy V ≍ ωn−1ε

n−1h and A ≍ (n− 1)ωn−1ε
n−2h, we can estimate

P (E)− P (B) ≍ m(n− 1)ωn−1ε
n−2h |E \B| ≍ mωn−1ε

n−1h

so, recalling that ωn−1

ωn
∼
√︁

n
2π , we find

α(E)2

δ(E)
≍ m

√
nεn

One could naively expect m to be taken proportional to nωn

ωn−1εn−1 ≍
√
n

εn−1 , which
is the number of bases required to match the area of Sn−1, but we face two great
issues:
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• We are missing an ε at the denominator, which is required because surely Sn−1

is not uniformly flat in n in such a way that allows us to approximately glue
these cylinders (i.e., the geodesic balls differ from the Euclidean ones already
for small radii).

• Even if ε could be taken to be arbitrarily small, we would still have issues.
Indeed, the problem could be naturally formulated in Rn−1, however the spher-
ical packing constant is significantly smaller than the ratio between a set and
a given ball.



Chapter 2

The Known Approaches

From now on, we will only consider finite perimeter sets with finite measure, and
σ will be the (non-normalized) surface measure on Sn−1.

Let us further remark that, since the asymmetry index satisfies the trivial bound
α(E) ≤ 2 for every E, if we only consider sets such that δ(E) ≥ δ(n), a quantitative
isoperimetric inequality holds in the form

α(E) ≤ 2√︁
δ(n)

√︁
δ(E) .

Therefore if we prove an inequality α(E) ≤ C(n)
√︁
δ(E) for sets satisfying δ(E) ≤

δ(n), we actually get the inequality

α(E) ≤ max

{︄
C(n),

2√︁
δ(n)

}︄√︁
δ(E)

for every set E.
For example, if we aim at proving our claimed bound Cbest(n) ≲

√
n, we can

freely restrict to sets satisfying δ(E) ≲ 1
n , and any stronger condition would not

be allowed.

2.1 Nearly-Spherical Case

One of the first strong results in this direction was obtained by Fuglede in 1989
(see [28]) for a suitable class of graphs over the ball. Specifically we will call
nearly-spherical a set E that can be described as

{tx(1 + u(x)) : t ∈ [0, 1], x ∈ Sn−1} ⊂ Rn

for a function u : Sn−1 → (−1,+∞) in W 1,∞(Sn−1) which satisfies the estimates
∥u∥∞ ≤ ε

n and ∥∇u∥∞ ≤ ε for a suitable ε > 0, |E| = ωn and with barycenter in
the origin, i.e.ˆ

Sn−1

((1 + u)n − 1) dσ = 0

ˆ
Sn−1

(1 + u)n+1x dσ = 0 .
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Theorem 2.1.1 (Fuglede). There exists a universal ε > 0 such that, for every n,
every nearly spherical set satisfies

P (E)− P (B) ≥ 1

3ωn
|E∆B|2 .

Remark. The normalized version is α(E) ≤ |E∆B|
ωm

≤
√
3n
√︁
δ(E), which is coherent

with our claim.
Throughout the proof, C > 0 denotes a universal constant (independent of n)

whose exact value may change from line to line.

Proof. First, the area formula implies that

P (E) =

ˆ
Sn−1

(1 + u)n−1

√︃
1 +

|∇u|2
(1 + u)2

dσ

where ∇u is the tangential gradient. By the assumptions on u

(1 + u)n−1

√︃
1 +

|∇u|2
(1 + u)2

≥ (1 + u)n−1

(︃
1 + (1− Cε)

1

2

|∇u|2

(1 + u)2

)︃
≥ (1 + u)n−1 + (1− Cε)

1

2
|∇u|2 ,

and in additionˆ
Sn−1

((1 + u)n−1 − 1) dσ =

ˆ
Sn−1

((1 + u)n−1 − 1)− n− 1

n

ˆ
Sn−1

[(1 + u)n − 1] dσ

≥
(︃
−(n− 1)2

2
+

(n− 1)(n− 2)

2
− Cεn

)︃ˆ
Sn−1

u2 dσ

≥ −(1 + Cε)
n− 1

2

ˆ
Sn−1

u2 dσ ,

where the estimate follows from the following observation: if we expand the powers
and simplify, for degree ≥ 3 we get a sum of the form

∑︁n
i=3Ci(n)u

i where Ci(n) ≲
ni−1, therefore this value is bounded by

nu2
n∑︂

i=3

εi−2 ≤ ε

1− ε
nu2 ≤ Cεnu2

as we wanted.
Adding these two pieces yields

P (E)− P (B) ≥ (1− Cε)
1

2

ˆ
Sn−1

|∇u|2 dσ − (1 + Cε)
n

2

ˆ
Sn−1

u2 dσ . (2.1)

We are in need of an appropriate 2-Poincaré inequality, so as usual we rely on
spherical harmonics tools (a standard reference is [20]). Let Y j

i be the i-th degree
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normalized spherical harmonics and cji = ⟨Y j
i , u⟩, then −∆Sn−1Y j

i = i(i + n − 2),
which implies that

∥∇u∥2L2(σ) =

∞∑︂
i=1

i(i+ n− 2)

G(n,i)∑︂
j=1

(aji )
2 .

If we were able to prove that the parts of degree 0 and 1 are negligible, we would
obtain a Poincaré-type inequality with coefficient close to 2n: indeed, analogously
to before, we have

0 =

ˆ
Sn−1

[(1 + u)n − 1] dσ ≤ n

ˆ
Sn−1

u dσ + (1 + Cε)

(︃
n

2

)︃ˆ
Sn−1

u2 dσ ,

which yields

|a0| =
⃓⃓⃓⃓ˆ

Sn−1

u dσ
⃓⃓⃓⃓
≤ (1 + Cε)

n− 1

2

ˆ
Sn−1

u2 ≤ (1 + Cε)
n

2

ε

n
∥u∥1 ≤ ε ∥u∥2 ,

and analogously, given ℓ the (normalized) projection of u on degree 1 harmonics,⌜⃓⃓⎷G(n,1)∑︂
j=1

|aj1|2 =
⃓⃓⃓⃓ˆ

Sn−1

uℓ dσ
⃓⃓⃓⃓
≤ n

2

⃓⃓⃓⃓ˆ
Sn−1

u2(1 + ε(u))ℓ dσ
⃓⃓⃓⃓

≤ n

2

√︄ˆ
Sn−1

u4(1 + ε(u))2 dσ ≤ (1 + Cε)
n

2

ε

n
∥u∥2 ≤ ε ∥u∥2 .

respectively thanks to the volume and barycenter condition (here ε(u) denotes a
function of u satisfying |ε(u)| ≤ Cε). In turn, since i(i+ n− 2) ≥ 2n for i ≥ 2,

∥u∥2L2 ≤
1

2n(1− Cε)
∥∇u∥2L2 ,

and if we plug it into 2.1 we get

P (E)− P (B) ≥ (1− Cε)
1

4
∥∇u∥22 ≥ (1− Cε)

n

2
∥u∥2L2 ≥ (1− Cε)

1

2ωn
∥u∥2L1 ,

which yields the desired conclusion after noticing that

|E∆B| =
ˆ
Sn−1

|(1 + u)n − 1|
n

dσ ≤ (1 + Cε)

ˆ
Sn−1

|u| dσ .

As mentioned in the introduction, this theorem proves the claimed inequality for
a small class of sets, but one might hope that they are a good model to understand
the problem even in the general setting.
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2.2 Symmetrization Approach

The first complete proof of the quantitative isoperimetric inequality has been car-
ried out by Fusco, Maggi and Pratelli in [31], and it was further refined by Maggi
in [37]. It relies on a reduction to sets enjoying progressively more symmetries:

1. Uniform boundedness;

2. n-symmetry: sets which are symmetric with respect to every coordinate hy-
perplane;

3. Axial symmetry: sets described as

{(x′, y) ∈ Rn−1 ×R : |x′| ≤ r(y)} =
⋃︂
y∈R

B(0, r(y))× {y}

for a suitable non-negative function r; in particular they are invariant under
Schwarz symmetrization.

We will not keep track of the constants because some of them are not found con-
structively, and the constructive ones are often not sharp.

Moreover, in all the statements in this section it is implicitly assumed that the
thesis holds for sets satisfying an appropriate bound δ(E) ≤ δ(n).

Lemma 2.2.1. There exists a constant ℓ(n) > 0 such that for every set of finite
perimeter E with |E| = ωn there exists F ⊂ Qℓ = [−ℓ, ℓ]n with |F | = |E| such that

δ(F ) ≤ C(n)δ(E) α(E) ≤ α(F ) + C(n)δ(E) .

Proof. We will prove that E can be restricted in any fixed direction, so that the
thesis will trivially follow from restricting with respect to an orthonormal basis.

Up to tilting E, we can assume that Hn−1({vE = ±en}) = 0 so that in particular
vE(t) = Hn−1(E ∩{xn = t}) ∈ W 1,1(R). Let g(t) = |E∩{xn<t}|

ωn
which is in C1 with

g′(t) = vE(t)
ωn

. By the sharp isoperimetric inequality we get

P (E ∩ {xn < t}) ≥ nωng(t)
n−1
n P (E ∩ {xn ≥ t}) ≥ nωn(1− g(t))

n−1
n ,

which, together with observing that

P (E∩{xn < t}) ≤ P (E, {xn < t})+vE(t) P (E∩{xn ≥ t}) ≤ P (E, {xn > t})+vE(t) .

yields

v(E) ≥ 1

2
nωN (g(t)

n−1
n + (1− g(t))

n−1
n − 1− δ(E)) . (2.2)

Now define ψ(t) = t
n−1
n +(1−t)n−1

n −1 which by concavity satisfies ψ(t) ≥ 2(2
1
n −1)t

for t ∈ [0, 12 ]. Then we can assume that 2δ(E) < ψ(12) (otherwise the thesis trivially
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holds) and we can fix t1 < t2 such that g(t1) = 1− g(t2) and ψ(g(t1) = ψ(g(t2)) =

2δ(E). Note that ψ(g(t)) ≥ 2δ(E) for t ∈ [t1, t2] by concavity, which plugged into
2.2 gives

vE(t) ≥
nωn
4
ψ(g(t)) ,

and consequently

t2 − t1 ≤
4

n

ˆ t2

t1

g′(t)

ψ(g(t))
dt =

4

n

ˆ g(t2))

g(t1))

1

ψ(s)
ds ≤ 4

n

ˆ 1

0

1

ψ(s)
ds = C(n) .

Furthermore, let

τ1 = max

{︃
t ≤ t1 : vE(t) ≤

nωnδ(E)

2

}︃
τ2 = min

{︃
t ≥ t2 : vE(t) ≤

nωnδ(E)

2

}︃
,

which satisfy

t1 − τ1 ≤
2

nδ(E)

ˆ τ1

t1

g′(t) dt ≤ 2g(t1)

nδ(E)
≤ 2

n(2
1
n − 1)

≲ 1

thanks to g(t1) ≤ δ(E)

2
1
n−1

(and the same goes for τ2). Hence the strip E′ = E∩{τ1 ≤
x1 ≤ τ2} satisfies

|E′| ≥ |E| (1− 2g(t1)) ≥ |E|
(︃
1− 2

δ(E)

2
1
n − 1

)︃
P (E′) ≤ P (E) + nωnδ(E) .

Now let F = rE′ with r =
(︂

|E|
|E′|

)︂ 1
n

(so that |F | = |E|) and let us check that it has
the desired properties: up to taking δ(E) small enough (in terms of n) we get

r ≤
(︃
1− 2

δ(E)

2
1
n − 1

)︃− 1
n

≤ 1 + C(n)δ(E) ,

hence

P (F ) = rn−1P (E′) ≤ (1 + C(n)δ(E))(P (E) + nωnδ(E))

≤ nωn(1 + C(n)δ(E))(1 + 2δ(E)) ≤ nωn(1 + C(n)δ(E)) .

Finally, if B is a minimizing ball for α(F ) (assume it is centered in the origin), we
get

nωnα(E) ≤ |E∆B| ≤ |E∆E′|+
⃓⃓⃓
E′∆B 1

r

⃓⃓⃓
+
⃓⃓⃓
B 1

r
∆B
⃓⃓⃓

=
nωnα(F )

rn
+ |E \ E′|+

⃓⃓⃓
B \B 1

r

⃓⃓⃓
≤ nωnα(F ) + C(n)δ(E)
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Next, let us reduce to n-symmetric sets. The idea will be to iteratively gain
new symmetries by reflecting our set E. To be precise, let H = {x · ν = 0} be a
hyperplane that cuts E in half, i.e. |E1| = |E2| = |E|

2 where E1 = E ∩ {x · ν ≥ 0}
and E2 = E ∩ {x · ν ≤ 0}. Moreover, let r be the reflection over H and define
Ei
s = Ei ∪ r(Ei).
Then looking at the perimeters we have

P (E1) + P (E2) ≤ 2P (E) =⇒ δ(Ei) ≤ 2δ(E)

for both i = 1, 2, where the implication follows from the sharp isoperimetric in-
equality.

If it were true that α(E) ≲ α(Ei) for either i = 1, 2, we could just substitute E
with Ei and gain one hyperplane of symmetry. However, this is completely false
in general: for example, consider two half-balls with base on the same hyperplane.

Luckily this issue can be fixed by taking two orthogonal hyperplanes, as we now
show. We first need a technical lemma.

Lemma 2.2.2. Fix any ℓ > 0, then for every ε > 0 there exists a δ > 0 such that
if E ⊂ Qℓ satisfies δ(E) ≤ δ, then α(E) ≤ ε.

Proof. By contradiction there exists an ε > 0 and a sequence En ⊂ Qℓ such that
α(En) ≥ ε and δ(En) → 0. Then, up to a subsequence, there exists a finite
perimeter set E ⊂ Qℓ such that En → E in measure, hence satisfying α(E) ≥ ε.
Moreover, by lower semi-continuity of the perimeter δ(E) = 0, therefore E is a
round ball by the sharp isoperimetric inequality, in contradiction with α(E) >

0.

Lemma 2.2.3. If E ⊂ Qℓ, |E| = ωn and H1, H2 are two orthogonal hyperplanes
that cut E in four parts of equal measure, at least one of the sets Ej

i satisfies
α(E) ≲ α(Ej

i ).

We will provide a slight modification of the original proof. These equivalences
are justified by the following principle: if a value is proportional to α(E), modifying
a defining term by C(n)α(E) maintains the equivalence for sufficiently small C(n).

Proof Sketch. By a similar argument to lemma 2.2.6 below, we can assume that
there exists a unitary ball Bj

i centered in H1 ∩H2 such that ωnα(E
j
i ) ≍ |Ej

i∆B
j
i |

for all i, j. Further assume that |Ej
i∆B

j
i | ≤ C(n)α(E) for some constant C(n) to

be fixed. If C(n) and α(E) are small enough, we have α(E) ≍ |B1
1∆B

2
1 | and

C(n)α(E) ≥ |(E∆B1
2) ∩H1

2 | ≍ |((B1
1 ∩H1

1 ) ∪ (B2
1 ∩H2

1 ))∆B
1
2) ∩H1

2 | ≍ α(E) ,

where the last term is ≍ α(E) by the first observation. For C(n) small enough this
gives a contradiction.
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To obtain the last symmetry we will need the following lemma on n-symmetric
sets.

Lemma 2.2.4. If E is n-symmetric, then |E∆B|
|E| ≤ 3α(E), and if it is also convex

then α(E) =
|E∆B|
|E| .

Proof. Let Bx be a minimizing ball for α(E), then

|E∆B| ≤ |E∆Bx|+ |Bx∆B| ≤ |E∆Bx|+ |Bx∆B−x|
≤ |E∆Bx|+ |E∆Bx|+ |E∆B−x| = 3|E∆Bx| .

Note that we only required symmetry with respect to the origin. The second
statement easily follows from |E∩F | ≤ |ES∩FS | where ES is the Steiner symmetral
of E.

Lemma 2.2.5. Given an orthonormal basis {e1, . . . , en} such that E is (n − 1)-
symmetric with respect to {e1, . . . , en−1} and {xn = 0} cut E in half, then at least
one among E1

n and E2
n satisfies α(E) ≲ α(Ei

n)

Proof. The previous lemma implies that

|E∆B| = |(E∆B) ∩ {xn ≥ 0}|+ |(E∆B) ∩ {xn ≤ 0}|

=
1

2
(|E1

n∆B|+ |E2
n∆B|) ≤ 3

2
(α(E1

n) + α(E2
n)) ,

from which the thesis follows.

Remark. An alternative approach for this step was investigated, but it turned out
to be flawed. The idea was the following:

Up to a translation, assume that E is cut in half by all the coordinate hyper-
planes. Call Ej the 2n different intersections of E with the quadrants Cj and Es

j

the n-reflections of these sets, for example

χEs
1
(x1, . . . , xn) = χE1

(|x1|, . . . , |xn|)

if C1 is the positive quadrant. Then, as before, we have

2n∑︂
j=1

P (Es
j ) ≤ 2nP (E) ,

but this time this inequality does not imply that δ(Ej) ≤ 2nδ(E). In fact, there may
not be a choice of hyperplanes such that the Ei all have the same measure 2−n|E|
(this is known as Grünbaum partition problem). So if we estimate the P (Ei)’s with
the sharp isoperimetric inequality, we get a sum of the form

∑︁2n

i=2 f(|Ei|) where
f(t) = t

n−1
n is concave, hence it is maximal (as we would need) only when the |Ei|’s

are all equal.

Moreover we also face issues when dealing with asymmetries. One could hope
to use the following lemma to relate Ei to E.
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Lemma 2.2.6. There exists ε(n) > 0 such that, if a set E is cut in half by every
coordinate hyperplane and α(E) ≤ ε, then |E∆B|

|E| ≲ α(E).

Proof. Up to rescaling assume that |E| = ωn. Let H = {xi = 0}, then

|B(x)∩H+|−|(E∆B(x))∩H+| ≤ |E∩H+| = |E∩H−| ≤ |B(x)∩H−|+|(E∆B(x))∩H−| ,

which together with the reversed inequality yields⃓⃓⃓
|B(x) ∩H+| − ωn

2

⃓⃓⃓
≤ ωnα(E) .

Hence, for ε(n) small enough, we get |xi| ≲ α(E) for all i, so that

|x| ≲ α(E) =⇒ |B(x)∆B| ≲ α(E)

and finally |E∆B| ≤ |E|α(E) + |B∆B(x)| ≲ |E|α(E).

Since we have |Es
i∆B| ≤ 2n|E∆B| ≲ α(E) the Es

i are somewhat round, but
their measure might differ from ωn by an α(E) fraction, therefore |Es

i∆B| is not
necessarily proportional to ωnα(Es

i ) (and it is easy to build counterexamples con-
sisting of spherical wedges).

At this point we restricted ourselves to n-symmetric sets E ⊂ Q2ℓ. Further
restricting to axially symmetric sets presents some technical difficulties, as we now
show.

Lemma 2.2.7. If a quantitative isoperimetric inequality holds in Rn−1, for every
n-symmetric set E ⊂ Qℓ with |E| = ωn, its Schwarz symmetral E∗ satisfies

|E∆E∗| ≤ C(n)
√︁
δ(E) .

Proof. The proof goes by induction, starting from n = 1 where it is trivially
true. In dimension n let Et = E ∩ {x1 = t} and (by approximation) assume
that Hn−1({v1E = ±1}) = 0, then we have

P (E)− P (B) ≥ P (E)− P (E∗)

≥
ˆ
R

√︂
P (Et)2 + v′E(t)

2 −
√︂
P (E∗

t )
2 + v′E(t)

2 dt

≥
ˆ
R

P (Et)
2 − P (E∗

t )
2√︁

P (Et)2 + v′E(t)
2 +
√︁
P (E∗

t )
2 + v′E(t)

2
dt

≥
(︃ˆ

R

√︁
P (Et)2 − P (E∗

t )
2 dt
)︃2

1

P (E) + P (E∗)
,
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and in addition δ(E) ≤ 1 =⇒ P (E∗) ≤ P (E) ≤ 2P (B), hence√︁
δ(E) ≳

ˆ √︁
P (Et)2 − P (E∗

t )
2 dt ≳

ˆ
P (E∗

t )
√︁
δ(Et)

≳
ˆ

P (E∗
t )

Hn−1(E∗
t )
Hn−1(E∗

t∆Et) dt ≳
ˆ

Hn−1(Et∆E
∗
t ) = |Et∆E

∗
t | .

where the second step follows from the quantitative isoperimetric inequality in
Rn−1, the third one from 2.2.4 and the fourth one from the uniform boundedness.

This lemma, together with the well-known fact that P (E∗) ≤ P (E), or equiva-
lently δ(E∗) ≤ δ(E), allows us to conclude, provided we can show that the quanti-
tative isoperimetric inequality holds for axially symmetric sets in every dimension.

This was first proved by Hall (see [32]), though numerous alternative proofs have
been discovered in recent years. Here, we will present the proof given by Maggi in
[37]. This approach is particularly interesting because it relies on the Knothe map,
much like Gromov’s celebrated proof of the isoperimetric inequality.

Proof Sketch. By density in energy of smooth sets in finite perimeter sets, we can
assume that E is bounded, axially symmetric, n-symmetric, with smooth boundary:
indeed, all these properties are preserved by convolution with a radial kernel and
they are inherited by level sets.

Moreover, thanks to the sharp isoperimetric inequality and the usual concavity
trick for t

n−1
n , E behaves like its greatest connected component (up to an additional

bound on δ(E)), so we can assume that it is connected. In particular its radius is
described by an even function r ∈ C(R,R+) such that {r > 0} = (−a, a) for some
a ∈ R+ and r ∈ C∞(−a, a).

For t ∈ (−a, a) let τ(t) ∈ R be the unique value such that

|E ∩ {xn < t}| = |B ∩ {xn < τ(t)}|

and define also

T (x′, t) =

(︄√︁
1− τ(x′)2

|x′|
x′, τ(t)

)︄
for (x′, t) ∈ E. This map is a smooth diffeomorphism between E and B and it
satisfies detT = 1, therefore, analogously to the computation we perform in the
next section, we get

P (E)− P (B) ≥
ˆ
E

(divT − n) dx =

ˆ a

−a

vE(t)

τ ′(t)
1

n−1

(︂
n− 1 + τ ′(t)

n
n−1 − nτ ′(t)

1
n−1

)︂
dt

≥ n

2

ˆ a

−a

vE(t)

τ ′(t)
1

n−1

(︂
τ ′(t)

1
n−1 − 1

)︂2
dt ≥

(︂´ a
−a
vE(t)|τ ′(t)

1
n−1 − 1| dt

)︂2
´ a
−a
vE(t)τ ′(t)

1
n−1 dt

.
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Finally one easily checks that the denominator is bounded, and in addition, by a
change of variable and a Poincaré inequality (which actually requires some work,
as the interval might not be uniformly bounded), we can obtain

|E∆B| ≲
ˆ a

−a

|1− τ ′(t)| dt .

Moreover it is possible, but non-trivial, to assume that τ ′ is bounded, so that
|τ ′(t)− 1| ≍ |τ ′(t)

1
n−1 − 1|, which concludes.

2.3 Optimal Transport Method

Here we present the approach carried out by Figalli, Maggi and Pratelli in [27],
which is based on a brilliant computation involving the Brenier map T from 1

|E|χE

to 1
|B|χB for |E| = |B|. Up to rescaling, we assume that B has radius 1.

Remark. An outstanding feature of their approach is that they were able to deal
directly with the general anisotropic case, without major additional difficulties.

Let us first recall the following results.

Theorem 2.3.1 (Brenier (see [2])). Given any two probability measures µ, ν ∈
P2(Rn), i.e., with finite second moment, such that µ is absolutely continuous with
respect to the Lebesgue measure, there exists a unique optimal transport map T for
the cost c(x, y) = |x− y|2 and there exists a convex function ϕ : Rn → R such that
T = ∇ϕ µ-a.e.

Theorem 2.3.2 (see [3]). Every convex function ϕ : Rn → R is locally Lipschitz.
Moreover ∇2ϕ is a locally finite Radon measure valued in symmetric positive semi-
definite matrices, and consequently ∇ϕ ∈ BVloc(Rn;Rn).

It directly follows that T ∈ BVloc(Rn;Rn) and DT is valued in symmetric
positive semi-definite matrices, so in particular Div(T ) is a positive Radon measure.
Moreover, it is well known that det∇T = 1 a.e. on E, as one would expect in a
smooth setting (see [2]). Then

|E| =
ˆ
E

dx =

ˆ
E

(det∇T )
1
n dx ≤ 1

n

ˆ
E

div(T ) dx ≤ 1

n
Div(E(1))

=
1

n

ˆ
∂∗E

trE(T ) · νE dHn−1 ≤ 1

n

ˆ
∂∗E

dHn−1 =
1

n
P (E) ,

where we used |T | ≤ 1 Ln-a.e. =⇒ |trE(T )| ≤ 1 Hn−1-a.e.. Analyzing the
intermediate steps gives the following inequalities:ˆ

E

(︂
1

n
divT − 1

)︂
dx+

1

n
|DsT |(E(1)) ≤ 1

n
Div(T )(E(1))− ωn ≤ ωnδ(E) (2.3)

ˆ
∂∗E

(1− |trE(T )|) dHn−1 ≤
ˆ
∂∗E

(1− trE(T ) · νE) dHn−1 ≤ nωnδ(E) , (2.4)
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where we applied Divs(T ) ≥ |DsT |.
They can be further exploited by applying the following quantitative version of

the AM-GM inequality. Instead of using their lemma, we will apply a result by
Alzer (see [1]) as Segal did in [38].

Lemma 2.3.1 (Alzer). Given 0 < x1 ≤ · · · ≤ xn real numbers, their arithmetic
and geometric means mA and mG satisfy

2n(mA −mG) ≥
1

xn

n∑︂
i=1

(xi −mG)
2 .

Remark. This inequality is actually sharp: for example the case x1 = · · · = xn−2 =

1, xn−1 =
1

1+ε , xn = 1 + ε gives

LHS =
2ε2

(1 + ε)
∼ 2ε2 RHS =

2ε2 + 2ε3 + ε4

(1 + ε)3
∼ 2ε2 .

To be precise, this implies that

2nωnδ(E) ≥ 2n

ˆ
E

(︂
1

n
divT − 1

)︂
dx ≥

ˆ
E

1

λn
|∇T − Id|2 dx ≥ 1

∥λn∥1
∥∇T − Id∥21 ,

which, applied to λn ≤ 1 + |∇T − Id|, also gives

∥λn∥1 ≤ |K|+
√︁

2nωn ∥λn∥1 =⇒ ∥λn∥1 ≤ 4nωn

by solving the quadratic (assuming δ(E) ≤ 1). Putting these pieces together we
get ˆ

E

|∇T − Id| dx ≤
√
8nωn

√︁
δ(E) ,

and finally, since |DsT |(E(1)) ≤ nωnδ(E), the function S = T − Id satisfies

|DS|(E(1)) ≤ 4nωn
√︁
δ(E) . (2.5)

At this point, one would like to have either a Poincaré or a trace inequality, in
order to recover |T − Id|. It turns out that the trace is better suited for bounding
the asymmetry index, thanks to 2.7.

For well-behaved sets, it holds in the following form.

Definition 2.3.1. Given a finite perimeter set E with |E| <∞, let

τ(E) = inf

{︃
P(F )

Hn−1(∂∗F ∩ ∂∗E)
: F ⊂ E, 0 < |F | ≤ |E|

2

}︃
.

Note that, equivalently, for any such F we have

(τ(E)− 1)Hn−1(∂∗F ∩ ∂∗E) ≤ Hn−1(∂∗F ∩ E(1))

and τ(E) ≥ 1 for every admissible E.
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Theorem 2.3.3. For every E and f ∈ BV (Rn) ∩ L∞(Rn) we have

(τ(E)− 1) inf
a∈R

ˆ
∂∗E

trE(|f − a|) ≤ |Df |(E(1)) .

Proof. Without loss of generality |E ∩ {f < 0}| ≤ |E|
2 and |E ∩ {f ≥ 0}| ≤ |E|

2 .
Define Ft = {f > t} ∩ E, then by the coarea formula and Fubini’s theorem

|Df+|(E(1)) =

ˆ
R+

Hn−1(∂∗{f > t} ∩ E(1)) dt

=

ˆ
R+

Hn−1(∂∗Ft ∩ E(1)) dt

≥ (τ(E)− 1)

ˆ
R+

Hn−1(∂∗Ft ∩ ∂∗E) dt

≥ (τ(E)− 1)

ˆ
R+

Hn−1({trE(f) > t} ∩ ∂∗E) dt

= (τ(E)− 1)

ˆ
∂∗E

trE(f+) dHn−1 ,

where the second step holds because inside E(1) intersecting with E does not affect
densities, and the fourth one follows from

{trE(f) > t} ∩ ∂∗E ⊂ ∂∗Ft ∩ ∂∗E .

Finally, since the same clearly holds for f−, summing these two inequalities gives
the thesis.

Luckily, if we assume the isoperimetric deficit to be small, it is possible to remove
a bad portion of our set E, in a way that makes the previous inequality non-trivial.

Lemma 2.3.2. For any λ > 1, if the family

Fλ =

{︃
F ⊂ E : 0 < |F | ≤ |E|

2
, P (F ) ≤ λHn−1(∂∗F ∩ ∂∗E)

}︃
is non-empty, then it admits a maximal element with respect to a.e. inclusion.

Proof. Simply construct by induction an increasing sequence of sets Fh such that,
if sh = sup{E ∈ Fλ : Fh ⊂ E}, |Fh+1| ≥ |Fh|+sh

2 , and define F∞ =
⋃︁

h∈N Fh. If
F∞ ∈ Fλ, it is trivial to check that it is maximal, so we are left to prove that
F∞ ∈ Fλ: if x ∈ F

( 1
2
)

h ∩ E( 1
2
), then

1

2
= Θ(x, Fh) ≤ Θ(x, Fh+1) ≤ Θ(x,E) =

1

2
,

so x ∈ F
( 1
2
)

h+1 and the sequence F ( 1
2
)

h ∩E( 1
2
) ⊂ F

( 1
2
)

∞ ∩E( 1
2
) is increasing, which proves

that the inequality passes to the limit:

P (F∞) ≤ lim inf
h

P (Fh) ≤ λ lim
h

Hn−1(∂∗Fh ∩ ∂∗E) ≤ λHn−1(∂∗F∞ ∩ ∂∗E) .
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Now we are ready to employ this lemma to restrict to a set with τ > 1 nicely
bounded, but first, we need to understand the behavior of such subsets.

Let once again ψ(t) = t
n−1
n + (1− t)

n−1
n − 1, for which one easily sees that

ψ(t) ≥ (2− 2
n−1
n )t

n−1
n ∀ t ∈

[︂
0,

1

2

]︂
, (2.6)

and from now on let k(n) = 2−2
n−1
n

3 (which is ≤ 1
3 and asymptotic to 2 log(2)

3
1
n).

Lemma 2.3.3. Given λ = 1 + k(n) and F ⊂ E such that

0 < |F | ≤ |E|
2

P (F ) ≤ λHn−1(∂∗E ∩ ∂∗F ) ,

we have

P (E \ F ) ≤ P (E) |F | ≤
(︃
δ(E)

k(n)

)︃ n
n−1

|E| .

If in addition δ(E) ≤ k(n), we also get δ(E \ F ) ≤ 3
k(n)

δ(E).

Proof. Note that

P (E \ F ) = Hn−1(∂∗E \ ∂∗F ) +Hn−1(∂∗F ∩ E(1))

≤ Hn−1(∂∗E \ ∂∗F ) + k(n)Hn−1(∂∗E ∩ ∂∗F )
= P (E)− (1− k(n))Hn−1(∂∗E ∩ ∂∗F ) ≤ P (E)− (1− k(n)2)P (F ) ,

so the first property is proven. For the second one, let t = |F |
|E| , then by the sharp

isoperimetric inequality

P (E) ≥ P (E \ F ) + (1− k(n)2)P (F ) ≥ nω
1
n
n ((1− t)

n−1
n + (1− k(n)2)t

n−1
n ) ,

or equivalently
δ(E) ≥ ψ(t)− k(n)2t

n−1
n ≥ k(n)t

n−1
n ,

which is precisely the second property we wanted to prove.
Finally

δ(E\F ) ≤ P (E)

nωn(1− t)
n−1
n

−1 ≤ P (E)

nωn
(1+2t)−1 = δ(E)+2t(δ(E)+1) ≤ 3

k(n)
δ(E) .

Theorem 2.3.4. If δ(E) ≤ k(n)2

8 , then there exists G ⊂ E such that

|E \G| ≤ δ(E)

k(n)
|E| δ(G) ≤ 3

k(n)
δ(E) τ(G) ≥ 1 + k(n) .
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Proof. Let F∞ be the set given by lemma 2.3.2 for λ = 1 + k(n) (if Fλ is empty
simply put F∞ = ∅) and define G = E\F∞. The first two properties trivially follow
from the previous lemma. For the third property, if there were a contradicting
set H ⊂ G, the hypotheses would imply that H ∪ F∞ ∈ Fλ, contradicting the
maximality of F∞: indeed,

|H ∪ F∞| = |H|+ |F∞| ≤ δ(G)

k(n)
|G|+ δ(E)

k(n)
|E|

≤ 3
δ(E)

k(n)2
|E|+ δ(E)

k(n)
|E| < 4

δ(E)

k(n)2
|E| ≤ |E|

2
,

where we applied the previous lemma to both H and G.
For the other property, let us split these perimeters in nicer pieces: let

a1 = Hn−1(∂∗H ∩G(1))

a2 = Hn−1(∂∗H ∩ ∂∗G ∩ ∂∗E) = Hn−1(∂∗H ∩ ∂∗E)
a3 = Hn−1(∂∗H ∩ ∂∗G ∩ E(1))

a4 = Hn−1(∂∗F∞ ∩ E(1))− a3 = Hn−2(∂∗F ∩ E(1) \ ∂∗H)

a5 = Hn−1(∂∗F∞ ∩ ∂∗E) .

Then the inequalities satisfied by H and F∞ read as

a1 ≤ k(n)(a2 + a3) a3 + a4 ≤ k(n)a5

and their sum gives

(a1 + a4) + a3 ≤ k(n)(a2 + a5) + k(n)a3 =⇒ a1 + a4 ≤ k(n)(a2 + a5) ,

which reads as

Hn−1(∂∗(H ∪ F∞) ∩ E(1)) ≤ k(n)Hn−1(∂∗(H ∪ F∞) ∩ ∂∗E) .

In order to conclude, we need a statement which relates our integrals to the
asymmetry index.

Lemma 2.3.4. For every set E ⊂ Rn of finite perimeter with |E| <∞ we have
ˆ
∂∗E

|1− |x|| dHn−1 ≥ |E \B| . (2.7)

Proof. Up to rescaling B, we can assume that Hn−1(∂∗E ∩ ∂B) = 0, then

νE\BHn−1 ∂∗(E \B) = νEHn−1 (∂∗E \B)− νBHn−1 (∂B ∩ E(1)) .
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Now we are ready for the following computation
ˆ
∂∗E\B

|x| − 1 ≥
ˆ
∂∗E\B

(|x| − 1)
x

|x|
· νE

=

ˆ
∂∗(E\B)

(|x| − 1)
x

|x|
· νE\B =

ˆ
E\B

div
(︃
(|x| − 1)

x

|x|

)︃
≥ |E \B| ,

where the second step holds because |x| − 1 = 0 on ∂B and the last one holds
because the integrand is ≥ 1.

Next, let G be the set given by lemma 2.3.4, then rescale G and E by the same
factor so that |G| = |B| = ωn, and let T be the transport map from G to B. If we
apply the trace inequality to the components of S = T − Id (up to a translation),
together with

1√
n

n∑︂
i=1

|xi| ≤ |x| ≤
n∑︂

i=1

|xi| ∀x ∈ Rn ,

we get

4nωn
√︁
δ(G) ≥ |DS|(G(1)) ≥ k(n)√

n

ˆ
∂∗G

|trG(T )− Id| .

If we add it to 2.4, and use that |1− |x|| ≤ |S(x)|+ (1− |T (x)|), we get

5n
3
2

k(n)
ωn
√︁
δ(G) ≥

ˆ
∂∗G

|1− |x|| dHn−1 ≥ |G \B| ≥ ωn
2
α(G) ,

which means that

α(G) ≤ 10n
3
2

k(n)

√︁
δ(G) .

Now we just need to substitute E with G above: let B(x) be a minimizing ball for

α(G) and r =
(︂
|E|
|G|

)︂ 1
n

, then

|E|α(E) ≤ |E∆(x+ rB)| ≤ |E∆G|+ |G∆B(x)|+ |B∆B(x)| = 2|E \G|+ωnα(G) ,

and in turn

α(E) ≤ 2

k(n)
δ(E) +

|G|
|E|

10
√
3n

3
2

k(n)
3
2

√︁
δ(E) ≤ 91n

3
2

(2− 2
n−1
n )

3
2

√︁
δ(E) ,

which concludes the proof. Note that the constant is asymptotic to 273
√
3

(2 log(2))
3
2
n3.

2.4 Selection Principle

The final general-dimensional approach we present is the selection principle, de-
veloped by Cicalese and Leonardi in [18]. Their idea is to consider a contradict-
ing sequence, and substitute its elements with more regular sets with comparable
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isoperimetric ratio, so that eventually they will contradict Fuglede’s estimate, be-
ing graphs over the ball. We follow the exposition by Fusco (see [29]).

The proof will heavily rely on the following regular convergence result for almost
minimizers by Tamanini (see [41]).

Theorem 2.4.1 (Tamanini). If E is a (Λ, r0)-almost-minimizer, then ∂∗E is a
C1, 1

2 manifold, ∂E \ ∂∗E ⊂ ∂E is relatively closed and dimH(∂E \ ∂∗E) ≤ n− 8.
Moreover, if Ej → E is a uniformly bounded sequence of (Λ, r0)-almost-minimizers
and E is C2, then Ej is eventually C1, 1

2 and the convergence is C1, 1
2 .

Remark. Explicit constants in this result are heavily dependent on the dimension
n, and there is no hope for them to be universally small enough to be useful for
our purposes.

First, by lemma 2.2.1 we can restrict ourselves to uniformly bounded sets E ⊂
BR for some R(n) > 0; then it is sufficient to prove the following.

Theorem 2.4.2. There exists δ(n) > 0 such that if E ⊂ BR, |E| = ωn and
δ(E) ≤ δ(n), then

α(E) ≤
√
6n
√︁
δ(E) .

Proof. By contradiction, let Ej ⊂ BR be a sequence such that α(Ej)√
δ(Ej)

≥
√
6n and

δ(Ej) → 0. Then one can modify the sequence as follows: let Fj be a minimizer of
the problem

min{P (F ) + ωn|α(F )− α(Ej)|+ Λ||F | − ωn| : F ⊂ BR}

for a constant Λ > 0 to be chosen later, which exists by BV compactness (here it is
relevant that we restricted to BR). These newly defined sets Fj satisfy a few nice
properties:

1. If Λ > n, then Fj → B: in fact, up to a subsequence, Fj converges to some
F ⊂ BR which minimizes

min{P (E) + ωnα(E) + Λ||E| − ωn| : E ⊂ BR} ,

and it is easy to check that the only minimizers are the unitary balls.

2. There exists a λ > 0 such that all the Fj are (λ,R)-almost-minimizers: let
Fj∆G ⋐ Br(x), then we shall distinguish two cases:

• G ⊂ BR: by the minimality of Fj and the triangle inequality

P (Fj) ≤ P (G) + ωn|α(G)− α(Fj)|+ Λ||G| − |F ||
≤ P (G) + (Λ + 1)|G∆Fj | ≤ P (G) + (Λ + 1))ωnr

n .
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• |G \BR| > 0:

P (Fj)− P (G) = (P (Fj)− P (G ∩BR)) + (P (G ∩BR)− P (G)) ,

where the first term is less than Λωnr
n as above, while for the second one

P (G ∩BR)− P (G) = P (BR)− P (G ∪BR) ≤ 0

by the sharp isoperimetric inequality.

3. From the definition of Ej and Fj we get

P (Fj) + Λ||Fj | − ωn|+ ωn|α(Fj)− α(Ej)| ≤ P (Ej)

≤ P (B) +
ωn
6
α(Ej)

2 ≤ P (Fj) + Λ||Fj | − ωn|+
ωn
6
α(Ej)

2 ,

and in particular |α(Fj)− α(Ej)| ≤ 1
6α(Ej)

2, which implies that α(Fj)
α(Ej)

→ 1.

Furthermore, let us rescale F ′
j = rjFj so that |Fj | = ωn, and also translate so

that their barycenters are in the origin. Tamanini’s result ensures that the sets
Fj are eventually graphical and also satisfy the hypotheses of Fuglede’s estimate.
Then by the C1 convergence we have rj → 1 and P (Fj) → nωn, hence eventually
P (Fj) < Λ|Fj |.

Before concluding, further note that

P (F ′
j)− P (Fj) = P (Fj)|rn−1

j − 1| ≤ Λ|Fj ||rnj − 1| = Λ||F ′
j | − |Fj || = Λ||Fj | − ωn| ,

where the last equality holds because Fj is convex. Finally we can compute

P (F ′
j) ≤ P (Fj) + Λ||Fj | − ωn| ≤ P (B) +

ωn
6
α(Ej)

2 ,

and the conclusion clearly follows from observing that α(F ′
j)

α(Ej)
→ 1.

Let us finally remark that, when n = 2, this proof actually yields a sharper
estimate, based on the following result for convex sets (see [33]).

Theorem 2.4.3 (Hall, Hayman). Every convex set E satisfies

δ(E) ≥ π

8(4− π)
α(E)2 + o(α(E)2) ,

and C = π
8(4−π)

is the best such constant.

The proof, as often happens in two dimensions, consists in performing a fine
analysis of the Fourier coefficients of the boundary function, seen as a periodic
complex valued curve.

In [18] the authors observed that, thanks to the selection principle, this result
easily extends to all sets, for the following reason: since the new sequence Fn is
eventually converging to B in C1,α, the sets are eventually convex.



Chapter 3

Further Isoperimetry

3.1 Finer Estimates

We begin by demonstrating how the selection principle of Cicalese and Leonardi
has been successfully applied in other contexts, specifically by presenting the quan-
titative isoperimetric inequality of Fusco and Julin (see [30]). They proved that
one can substitute the asymmetry index α with a finer candidate, namely

β(E) =

√︄
min
y∈Rn

ˆ
∂∗E

⃓⃓⃓⃓
νE(x)−

x− y

|x− y|

⃓⃓⃓⃓2
dHn−1(x) .

This quantity better captures the oscillations of the boundary, and in fact the
following holds.

Lemma 3.1.1. If |E| = |B(r)|, then

α(E)2 + δ(E) ≲ r1−nβ(E)2 .

This bound follows from the identity

β(E)2 = P (E)− (n− 1) max
y∈Rn

ˆ
E

1

|x− y|
dx (3.1)

and a simple concavity argument.

Let us examine how the proof of quantitative stability must be modified in this
context. The appropriate selection principle will not immediately give us almost
minimizers, but only quasi minimizers.

Definition 3.1.1. A set E ⊂ Rn is called (K, r0)-quasi-minimizer if for every
F ⊂ Rn such that E∆F ⋐ Br(x) for some r < r0, we have

P (E,Br(x)) ≤ KP (F,Br(x)) .
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For this reason, we will need the following lemma.

Theorem 3.1.1 (David, Semmes (see [21])). If E is a (K, r0)-quasi-minimizer,
there exists a constant C > 0 such that for every x ∈ ∂∗E and 0 < r < r0 there
exist y, z ∈ Br(x) satisfying

B
(︂
y,
r

C

)︂
⊂ E B

(︂
z,
r

C

)︂
∩ E = ∅ .

Now we are ready to prove that there exists C(n) > 0 such that

β(E) ≤ C(n)
√︁
δ(E) .

Proof Sketch. First, we need to provide an appropriate Fuglede-type estimate,
which follows directly from the proof of the original result. Indeed, let E be a
nearly spherical set, then using the identity |ν − µ|2 = 2(1 − ν · µ) for any unit
vectors ν, µ ∈ Sn−1, we can bound the asymmetry as follows:

β(E)2 ≤ 1

2

ˆ
Sn−1

(︃
1− νE · x

|x|

)︃
dσ

≲
ˆ
Sn−1

(︄
1− 1 + u√︁

(1 + u)2 + |∇u|2

)︄
dσ

≲
ˆ
Sn−1

|∇u|2 dσ ≲ δ(E) ,

where the second step follows from the area formula, and the final inequality is an
intermediate byproduct in the proof of the original Fuglede estimate.

Returning to the selection principle: as before, by Lemma 2.2.1, we may assume
E ⊂ BR. We then take a contradicting sequence Ej ⊂ BR with |Ej | = ωn. This
time we consider the minimization problem

min
{︂
F(F ) = P (F ) +

1

4
|β(F )2 − β(Ej)

2|+ Λ||F | − ωn| : F ⊂ BR

}︂
for some Λ > n. This functional turns out to be lower semi-continuous, therefore
minimizers Fj exist and up to a subsequence Fj → F∞ where F∞ is a solution of

{P (F ) + Λ||F | − ωn|+
1

4
β(F )2} ,

and in turn F∞ = B(x0) for some x ∈ Rn.
Analogous to the Cicalese-Leonardi approach, the minimality of Fj implies

(K, r0)-quasi-minimality for some uniform (K, r0). Furthermore, the preceding
lemma implies that for every ε > 0

B(x0, 1− ε) ⊂ Fj ⊂ B(x0, 1 + ε)
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eventually in j. Indeed, the lemma asserts that Fj has both some mass and some
holes close to the boundary, so ∂Fj cannot lie far from ∂B.

Finally, up to a translation assume that the Fj satisfy |Fj | = ωn and are centered
in the origin. Then the minimality, together with the identity 3.1, implies that the
Fj are also (Λ′, r0) minimizers for some Λ′ > 0, and the conclusion follows from a
simple computation analogous to Cicalese-Leonardi.

In the same spirit, Bögelein, Duzaar and Fusco were able to obtain a quantitative
isoperimetric inequality on Sn (see [9]) and, most importantly, for sets of higher
codimension, represented by currents (see [8]). In both cases, the proof required
an ad hoc Fuglede-type estimate and a C1,α convergence result for Λ-minimizers.

Lastly, we mention that the same approach turned out to be extremely useful
even in non-local settings. The most relevant instance for us is the quantitative
stability for s-perimeters with s ∈ (0, 1) by Figalli, Fusco, Maggi, Millot and Morini
(see [26]).

One of the most interesting features of this result is the following: since the s-
perimeter converges to the usual perimeter for s↗ 1, and their estimate is uniform
for s > δ > 0, it also implies the usual quantitative isoperimetric inequality.

3.2 The Gaussian Case

Another important setting to mention is the Gaussian one. In this context, the op-
timal asymptotic growth has been completely determined by Barchiesi, Brancolini,
and Julin [5].

For a locally finite perimeter set E ⊂ Rn, let

γ =
1

(2π)
n
2

e−
|x|2
2 · Ln

be the Gaussian measure in Rn and b(E) =
´
E
x dγ be the non-normalized Gaussian

barycenter. We define the strong asymmetry index as

βγ(E) = min
ν∈Sn−1

|b(E)− b(Hν,s)| ,

where Hν,s = {x ∈ Rn : x · ν > s} is any half-space such that

Φ(s) =
1√
2π

ˆ ∞

s

e−
t2

2 dt = γ(Hν,s) = γ(E) .

Moreover the (rescaled) Gaussian perimeter of a finite perimeter set is defined
as

Pγ(E) =
1

(2π)
n−1
2

ˆ
∂∗E

e−
|x|2
2 dHn−1(x) ,
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or equivalently

Pγ(E) =
√
2π sup

{︃ˆ
E

(divφ− x · φ) : φ ∈ C∞
c (Rn;Rn), ∥φ∥∞ ≤ 1

}︃
.

The sharp Gaussian isoperimetric inequality was proven independently by Borell
(see [10]) and by Sudakov and Tsirelson (see [39]). It states that for any fixed
volume Φ(s) the minimal perimeter is Pγ(Hν,s) = e−

s2

2 . More recently Carlen and
Kerce proved that the half-spaces Hν,s are the unique minimizers (see [15]).

In view of these results, we define the Gaussian isoperimetric deficit as

Dγ(E) = P (E)− e−
s2

2 .

The asymmetry index βγ is a very good candidate here for two main reasons:

• It bounds the standard Fraenkel asymmetry αγ(E) = minν∈Sn−1 γ(E∆Hν,s)

as follows:
e

s2

2

4
αγ(E)

2 ≤ βγ(E) .

• It is algebraically easier to handle and it is related to the strong asymmetry
β, in fact it satisfies

2Dγ(E) + 2
√
2πβγ(E) =

1

(2π)
n−1
2

min
ν∈Sn−1

ˆ
∂∗E

|νE − ν|2 dHn−1 = E(E) ,

where E is the excess.

We expect a dimension-free estimate because the Gaussian setting is inherently
dimension-free, which is naturally reflected in the fact that many of its functional
inequalities hold with universal constants.

Theorem 3.2.1 (Barchiesi, Brancolini, Julin). There exists a universal constant
C > 0 such that for every s ∈ R and E ⊂ Rn with γ(E) = Φ(s), we have

βγ(E) ≤ C(1 + s2)Dγ(E) .

The proof outline might look similar to a selection principle, but it is actually
a finer argument: consider the functional

F(E) = Pγ(E) +
ε

2
|b(E)|2 + Λ|γ(E)− Φ(s)|

and most importantly its minimizers. First let us mention that we are interested
in a fixed large Λ, so that the last term is almost a volume constraint γ(E) = Φ(s),
but enjoys the algebraic properties of a volume penalization.

Moreover note that, for a fixed volume, half-spaces are the minimizers of Pγ ,
but on the other hand they are also the maximizers of |b|. Therefore we hope to
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prove that, if ε > 0 is universally small enough, the minimizers of F are precisely
the half-spaces. In fact, if this was the case, a simple comparison would imply our
desired quantitative stability.

The strategy to prove this claim is the following: fix a minimizer of F , which will
be regular by Tamanini’s theorem, and perform clever second variation arguments
to prove that the inner normal νE must be aligned with the barycenter. This means
that E is actually one-dimensional, namely E = Rn−1 × F , and one just needs to
check that F is a half-line.

Finally, it is worth noting that, while the only global minimizers for the Gaussian
perimeter are the half-spaces, La Manna proved in [35] that balls are strict local
minimizers among centrally symmetric sets.

3.3 On Manifolds

Lastly, we mention what is currently known about general manifolds.
As one might expect, a global quantitative isoperimetric inequality generally fails

on manifolds because the underlying geometry strongly influences the stability of
sets. However, Chodosh, Engelstein and Spolaor proved in [17] that generically a
quantitative inequality with the Euclidean sharp exponent 1

2 holds.

For a given Riemannian manifold (M, g), define the isoperimetric profile

Ig(V ) = inf{Pg(E) : E ⊂M, |E|g = V }

the set of minimizers M|E|
g and the asymmetry index

αg(E) = inf
{︂
|E∆F |g : F ∈ M|E|

g

}︂
.

On the negative side, they found the following example.

Theorem 3.3.1 (Chodosh, Engelstein, Spolaor). There exists a closed Riemannian
manifold (M, g) such that for some V > 0 there exists a unique isoperimetric region
Ω ⊂M and smooth sets Ek such that |Ω∆E|g → 0 and

|Ω∆Ek|2+γ
g

Pg(Ek)− Pg(Ω)
→ ∞

for all γ > 0.

The construction is based on the well-known fact that for R > 0 big enough the
manifold S1(R)× Sn−1 is such that the only half-volume isoperimetric regions are
described as (z, z +Rπ)× Sn−1.

Next, let us focus on the positive results. For a given manifold let Γ be the set
of C3 metric endowed with the C3 topology.
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Theorem 3.3.2 (Chodosh, Engelstein, Spolaor). Let M be a closed manifold of
dimension 2 ≤ n ≤ 7, then there exists a dense subset G ⊂ Γ such that each g ∈ G
has the following property: there exists a dense subset V ⊂ (0, |M |g) such that for
each V ∈ V we have

Pg(E)− Ig(V ) ≥ C(g, V )αg(E)
2

for any E ⊂M with |E| = V .

This strategy represents a standard approach in such scenarios: fix a diffeomor-
phism type of the boundary, define a suitable map that associates to each such
minimizer its relative metric and volume. Then, after verifying that it is a Fred-
holm operator, we can apply the Sard-Smale theorem to prove that non-degeneracy
(equivalent to strict stability) generally holds.

Finally let us mention that a weak, but sharp, stability result holds for any
analytic metric.

Theorem 3.3.3 (Chodosh, Engelstein, Spolaor). Let (M, g) be a closed analytic
Riemannian manifold of dimension 2 ≤ n ≤ 7, then for every volume V > 0 there
exist C > 0 and γ ≥ 0 such that

Pg(E)− Ig(V ) ≥ Cαg(E)
2+γ .

In this case the idea is to employ a specific Łojasiewicz-Simon inequality, bor-
rowed from [25], asserting that analytic functions are somewhat strictly stable
around minimizers, but only for some exponent greater than 2. In our setting we
can apply this estimate to Pg around isoperimetric regions and get stability for
general sets by a simple compactness argument.

Remark. In both statements, the dimension is bounded from above. This is un-
avoidable, because for n ≥ 8 isoperimetric regions are not necessarily smooth, while
the needed local stability results only work for smooth minimizers.

Remark. The reason why these estimates were so difficult to achieve is the follow-
ing: in arbitrary Riemannian manifolds isoperimetric regions can be completely
unpredictable and hard to describe, while the original Fuglede estimate strongly
relies on the precise shape of balls.

This discussion should also convince the reader that these methods are extremely
general, and consequently we should expect to be able to provide strong generic
stability and weak analytic stability in many other scenarios.
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The Sobolev Case

Recall that, in a given dimension n ≥ 3, the sharp Sobolev inequality states that
for any function f ∈ Ḣ1(Rn)

Sn ∥f∥2L2∗(Rn) ≤ ∥∇f∥2L2(Rn) ,

where 2∗ = 2n
n−2 = 2 + 4

n−2 is the Sobolev exponent and Sn = 1
4n(n − 2)|Sn| 2n .

Moreover equality is only attained by the Aubin-Talenti bubbles

ga,b,y = b
1

(1 + a|x− y|2)n−2
2

for a > 0, b ∈ R and y ∈ Rn. This was first proven independently by Aubin
and Talenti in 1976 (see [4], [40]) and later by Carlen and Loss via a competing
symmetry argument (see [16]).

Let M be the set of the Aubin-Talenti bubbles and M1 ⊂ M the bubbles with
unitary L2∗ norm. A quantitative counterpart to this inequality that has recently
gained significant interest is the following:

dḢ1(f,M)2 = inf
g∈M

∥∇f −∇g∥2L2(Rn) ≤ C(n)
(︂
∥∇f∥2L2(Rn) − Sn ∥f∥2L2∗(Rn)

)︂
.

(4.1)
The first full proof of the existence of a C(n) > 0 was found by Bianchi and Egnell
in [7], but they did not provide explicit control over the constant due to the presence
of compactness arguments.

Define also the ratio

E(f) =
∥∇f∥2L2(Rn) − Sn ∥f∥2L2∗(Rn)

infg∈M ∥∇f −∇g∥2L2(Rn)

,

so that equivalently we want to prove that

inf
f∈Ḣ1(Rn)

E(f) ≳ 1

n
.
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Lemma 4.0.1. The functional E is conformally invariant in the following sense:
given any f ∈ Ḣ1(Rn) and conformal transformation C, the function

fC(x) = |JC(x)|
1
2∗ f(C(x))

satisfies E(f) = E(fC).

Proof. We just need to consider translations, dilations, orthogonal maps and the
inversion x ↦→ x

|x|2 by Liouville’s theorem. Then the thesis easily follows from
observing that M is preserved by these transformations, so that both numerator
and denominator are invariant.

More precisely, every g ∈ M can be described as g = c(g0)C for some conformal
transformation C and a constant c ∈ R, where (g0)C is defined as in the previous
lemma and

g0(x) =
1

(1 + |x|2)n−2
2

Remark. d(f,M) is somewhat analogous to the asymmetry β(E) introduced in the
previous chapter. The L2∗ distance would correspond to the Fraenkel asymmetry
index α(E).

4.1 Reductions

The first step requires a change of perspective: using the stereographic projection,
we can restate our inequality on Sn. This transformation will turn out to be highly
advantageous because it maps Sobolev minimizers into a convenient set of functions
that includes the constants.

More explicitly, recall that the stereographic projection is the map p : Rn → Sn
such that

p(x) =
1

1 + |x|2
(2x, 1− |x|2) ,

which in addition satisfies Jp =
(︂

2
1+|x|2

)︂n
. Let us consider the transformation

that, given a function f ∈ H1(Rn), gives

F (ω) =

(︃
1

1 + ωn+1

)︃n−2
2

f(p−1(ω)) ,

and note that 1 + ωn+1 =
2

1+|x|2 , so that the constant coincides with

(J(p−1))1/2
∗
=

(︃
1 + |x|2

2

)︃n−2
2

.
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In this way, one can easily check that change of variable gives

∥F∥L2∗(Sn) = ∥f∥L2∗(Rn)

ˆ
Sn

(︂
|∇F |2 + 1

4
n(n− 2)|F |2

)︂
dσ =

ˆ
Rn

|∇f |2 dx ,

while the Aubin-Talenti bubbles become

Ga,b,c(ω) = c(a+ b · ω)−
n−2
2

with a > 0, c ∈ R, b ∈ Rn such that |b| < a, so that inequality 4.1 in terms of F
becomes

inf
a,b,c

{︂
∥∇F −∇G∥2L2(σ) + A ∥F −G∥2L2(σ)

}︂
≤ C(n)

(︂
∥∇F∥2L2(σ) + A ∥F∥2L2(σ) − A ∥F∥2L2∗(σ)

)︂
,

where A = 1
4n(n− 2) and the surface measure σ has been normalized.

Restricting to the case where the distance minimizer is G ≡ 1, and defining
r = F − 1, a standard first variation argument yields

ˆ
Sn

r dσ = 0

ˆ
Sn

ω r dσ = 0 ,

and our inequality simplifies to

∥∇r∥2L2 + A ∥r∥2L2 ≤ C(n)(∥∇r∥2L2 + A ∥1 + r∥2L2 − A ∥1 + r∥2L2∗ ) (4.2)

for any such r ∈ H1(Sn). Our aim is to prove that we can choose C(n) ≤ Cn for
a universal constant C.

4.2 Local Case

Assume that r ≥ −1 (corresponding to positive F and f) and that ∥r∥Lq ≤ δ,
where δ > 0 is a universal constant to be determined. We then decompose our
function as follows:

r1 = r ∧ ε1 r2 = (r − ε1)+ ∧ (ε2 − ε1) r3 = (r − ε2)+ = r − r2 − r1 ,

where 0 < 2ε1 < ε2 < 1 are universal constants to be decided.

Remark. For any fixed n, the existence of a δ(n) can be simply proven by spectral
theory and some polynomial expansions for the L2∗ norm (recall that 2∗ ≤ 6).
However, the technique we are going to present requires 2∗ ≤ 3, or equivalently
n ≥ 6. As we are mainly interested in the asymptotic properties of 4.1, we will
give the cases n = 3, 4, 5 for granted and assume n ≥ 6.
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Lemma 4.2.1. There exists a constant Cε1,ε2 such that for any such r and any
2 ≤ q ≤ 3 there exists a constant Cε1,ε2 for which

(1+r)q ≤ 1+qr+
(︂
1

2
q(q − 1) + 2ε1θ

)︂
r21+
(︂
1

2
q(q − 1) + Cε1,ε2θ

)︂
r22+
∑︂
i̸=j

rirj+(1+ε2θ)r
q
3 ,

where θ = q − 2.

Proof Sketch. While the precise proof is somewhat technical, the underlying strat-
egy is quite natural. First, note that

(1 + r)q ≤ 1 + qr +
q(q − 1)

2
r2 + θr3+

for all r ∈ [−1,∞), e.g. by bounding the Lagrange remainder.

Now, for x ≤ ε2 the estimate easily follows from appropriate weighted AM-QM
inequalities.

For x > ε2 we need to estimate (1+ r)q− rq keeping track of the factor θ, which
makes a difference when q approaches 2. Let us split in cases:

• If r3 ≤ C for a fixed C > 1 + ε2, then

(1 + r)q − (1 + r)2 = (1 + r)2((1 + r)θ − 1) ≤ (1 + r)2rθ ≤ 8C3θ ,

and similarly one gets

r23 − rq3 = r23(1− rq−2
3 ) ≤ min{r23, 1− rq−2

3 } ≲ θ

for r3 ≤ 1, which concludes this case.

• If r3 ≥ C, then

(1 + r)q = (1 + ε2 + r3)
q = rq3

(︃
+
1 + ε2
r3

)︃q

≤ rq3 + qrq−1
3 (1 + ε2) +

q(q − 1)

2
rq−2
3 (1 + ε2)

2 + θCq−3(1 + ε2)
3 ,

and the conclusion follows from the bounds

qrq−1
3 − 2r3 ≲ θrq3

q(q − 1)

2
rq−2
3 − 1 ≲ θrq3 ,

which hold for C universally big enough (and are again obtained by splitting
in different regimes).
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By applying this lemma, together with (1 + x)
2
q ≤ 1 + 2

qx, to our function with
q = 2∗ (so that θ = 4

n−2 ≤ 1) we get

∥1 + r∥2Lq ≤ 1 + (q − 1 + ε1θ)

ˆ
Sn

r21 dσ

+ (q − 1 + Cε1,ε2θ)

ˆ
Sn

r22 dσ +
2

q

∑︂
i̸=j

ˆ
Sn

rirj dσ +
2

q
(1 + ε2θ)

ˆ
Sn

rq3 dσ ,

so that, for a fixed (small enough) ε0 > 0 the RHS of 4.2 is greater than

ε0θ(∥∇r∥22 + A ∥r∥22) + I1 + I2 + I3 ,

where (note that Aθ = n)

I1 = (1− ε0θ) ∥∇r1∥22 − n(1 + ε0 + ε1) ∥r1∥22 + nσ0(∥r2∥22 + ∥r3∥22)
I2 = (1− ε0θ) ∥∇r2∥22 − n(1 + ε0 + σ0 + Cε1,ε2) ∥r2∥

2
2

I3 = (1− ε0θ) ∥∇r3∥22 + A(1− (σ0 + ε0)θ) ∥r3∥22 −
2

q
A(1 + ε2θ) ∥r3∥qq .

Remark. Note that an upper bound on ε0 is needed because in the last step we got
rid of (1 − 2

q − ε0θ)
∑︁

i̸=j

´
rirj where 1 − 2

q = 2
d (this observation is missing in

[23]). Note also that this sum is positive by definition.

Now it remains to show that these terms are all non-negative for an appropriate
universal choice of the constants. Let us first give an outline of the proof:

1. I1: Similarly to Fuglede’s approach, r1 is a good approximation of r, so its
degree 0 and 1 harmonic coefficients are almost null, and in turn it satisfies a
strong Poincaré inequality.

2. I2: We expect r2 to behave like a constant, so that also higher degree harmonic
coefficients are almost vanishing, and in turn it would satisfy an arbitrarily
strong Poincaré inequality (needed to balance the magnitude of Cε1,ε2).

3. I3: Note that ∥r3∥q ≤ ∥r∥q ≤ 1 implies ∥r3∥qq ≤ ∥r3∥2q . Then, since 2
q = n−2

n =

1− 2
n , it is clear that there exists a universal constant C > 0 such that I3 ≥ 0

is weaker than the sharp Sobolev inequality, whenever max{ε0, σ0, ε2} ≤ C.

A ∥r3∥2q ≤ ∥∇r3∥22 + A ∥r3∥22 .

4.2.1 First term

Let
r̃ = r1 −

ˆ
Sn

r1 dσ − (n+ 1)ω ·
ˆ
Sn

ω r1 dσ
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be the projection of r1 on the spherical harmonics of degree ≥ 2, then we know
that

∥r1∥22 −
(︃ˆ

Sn

r1 dσ
)︃2

− (n+ 1)

⃓⃓⃓⃓ˆ
Sn

ω r1 dσ
⃓⃓⃓⃓2

= ∥r̃∥2L2

≤ 1

2(n+ 1)
∥∇r̃∥2L2 ≤

1

2(n+ 1)
∥∇r1∥2L2 .

Remark. Here one could get a stronger control by keeping track of the loss in the
last step (which is proportional to ∥r1∥22), but it is not needed.

We just need to estimate these two coefficients: let Y ∈ {1, a · ω} for a ∈ Rn+1,
then ⃓⃓⃓⃓ˆ

Sn

Y r1 dσ
⃓⃓⃓⃓
=

⃓⃓⃓⃓ˆ
Sn

Y (r2 + r3) dσ
⃓⃓⃓⃓
≤ ∥Y ∥4 |{r1 ≥ ε1}|

1
4 ∥r2 + r3∥2

by Hölder inequality (14 +
1
4 +

1
2 = 1), and we can easily verify that

∥r2 + r3∥22 ≤ ∥r∥q ∥r2 + r3∥2 ≤ δ
√
2
⃦⃦
r22 + r23

⃦⃦
1

|{r1 ≥ ε1}| ≤
1

ε21
∥r1∥22

∥1∥4 = 1 ∥a · ω∥44 =
3|a|4

(n+ 1)(n+ 3)
≤ 3|a|4

(n+ 1)2
.

Putting all the pieces together gives⃓⃓⃓⃓ˆ
Sn

r1 dσ
⃓⃓⃓⃓2

≤ δ
√
2

ε1
∥r1∥2

⃦⃦
r22 + r23

⃦⃦ 1
2

1
(n+1)

⃓⃓⃓⃓ˆ
Sn

ω r1 dσ
⃓⃓⃓⃓2

≤ δ
√
6

ε1
∥r1∥2

⃦⃦
r22 + r23

⃦⃦ 1
2

1
,

so that

I1 ≥(2(n+ 1)(1− ε0θ)− n(1 + ε0 + ε1)) ∥r1∥22

− 2(n+ 1)(1− ε0θ)
δ(
√
2 +

√
6)

ε1
∥r1∥2

⃦⃦
r22 + r23

⃦⃦ 1
2

1
+ nσ0

⃦⃦
r22 + r23

⃦⃦
1
,

which, after defining x = ∥r1∥2 and y =
⃦⃦
r22 + r23

⃦⃦ 1
2

1
, can be simplified to

1

n
I1 ≥ (1− 3ε0 − ε1)x

2 − 10
δ

ε1
xy + σ0y

2 .

Finally, as long as 3ε0 + ε1 ≤ 1
2 , a sufficient condition for having negative discrim-

inant is

50
δ2

ε21
≤ σ0 . (4.3)
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4.2.2 Second term

In order to deal with this piece, we will need the following estimate.

Theorem 4.2.1 (Duoandikoetxea (see [24])). For any k-th degree spherical har-
monic

∥Yk∥Lp(Sn) ≤ (p− 1)
k
2 ∥Yk∥L2(Sn) .

Given any k-th degree spherical harmonic Y , let us bound as before⃓⃓⃓⃓ˆ
Sn

Y r2 dσ
⃓⃓⃓⃓
≤ ∥Y ∥4 |{r ≥ ε1}|

1
4 ∥r2∥2 ,

but this time we will put together the following pieces

|{r ≥ ε1}| ≤
1

εq1
∥r∥qq ≤

δq

εq1
∥Y ∥4 ≤ 3

k
2 .

Indeed, if πk is the projection on the k-th order spherical harmonics we get

∥πkr2∥2 ≤
3

k
2 δ

q
4

ε
q
4

1

∥r2∥2 ,

and in turn, letting ΠK =
∑︁K−1

k=0 πk,

∥Πkr2∥2 ≤
3

K
2 δ

q
4

ε
q
4

1

∥r2∥2 .

Finally

∥∇r2∥22 ≥ ∥∇(1− Πk)r2∥22 ≥ K(K+n−1) ∥(1− Πk)r2∥22 ≥ Kn

(︄
1− 3Kδ

q
2

ε
q
2

1

)︄
∥r2∥22 ,

and one can first choose any (universally bounded)

K ≥ 2
1 + ε0 + σ0 + Cε1,ε2

1− ε0
, (4.4)

where RHS is at least twice the constant appearing in I2, and then δ universally
small to make the last coefficient greater than 1

2 .

Remark. Note that, except for the condition 2ε1 < ε2, all the other constraints are
clearly satisfied by just imposing max{ε0, ε1, ε2, σ0} ≤ C for an appropriate C > 0

universal and δ ≤ C(ε0, ε1, ε2, σ0).
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4.3 Local to Global

Now let us prove the existence of a C(n) ≤ Cn for 4.1 for all f ∈ Ḣ1(Sn) such that
f ≥ 0 (implicit in all the statements). First let us see how to transfer the local
estimate to Rn.

Lemma 4.3.1. If d(f,M)2 ≤ δ1 ∥∇f∥22 with δ1 = δ
1+δ , then E(f) ≥ ε0θ.

Proof. By conformal invariance we can assume that d(f,M) is attained at g0 =
1

(1+|x|2)
n−2
2

, which, up to rescaling, corresponds to the constant 1 when we reading

the problem on Sn. Define r = F − 1, then the hypothesis reads as

∥∇r∥22 + A ∥r∥22 ≤
δ

1 + δ
(∥∇r∥22 + A ∥1 + r∥22) =

δ

1 + δ
(A+ ∥∇r∥22 + A ∥r∥22) ,

or equivalently
∥∇r∥22 + ∥r∥22 ≤ δA ,

which implies ∥r∥2∗ ≤ δ by the sharp Sobolev inequality.

From now on, assume instead that d(f,M)2 > δ1 ∥∇f∥22. Consider the sequence
fk = (RU)kf introduced in the appendix, and recall that f ↦→ Rf can be seen
as a countable composition of Steiner symmetrizations. Therefore, the elements of
the sequence fk can be connected by a curve t ↦→ ft ∈ L2∗(Sn) satisfying the same
properties of the continuous Steiner symmetrization.

We need a couple of lemmas regarding this sequence.

Lemma 4.3.2. For every positive f ∈ Ḣ1(Rn)

d(f,M)2 = ∥∇f∥22 − Sn sup
M1

(︃ˆ
Sn

fg2
∗−1 dσ

)︃2

. (4.5)

Proof. Recall that every g ∈ M1 satisfies the Sobolev equation

−∆g = Sn
g2

∗−1

∥g∥2
∗−2

2∗

= Sng
2∗−1 = Sng

2∗−1 ,

and ∥∇g∥22 = Sn ∥g∥22∗ = Sn, therefore, for any c ∈ R,

∥∇f − c∇g∥2 = ∥∇f∥22−2c

ˆ
∇f ·∇g+c2 ∥∇g∥22 = ∥∇f∥22+2cSn

ˆ
f g2

∗−1+Snc
2 .

The minimum in c ∈ R is precisely

∥∇f∥22 − Sn

(︃ˆ
Sn

fg2
∗−1 dσ

)︃2

,

from which the identity follows.
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Lemma 4.3.3. The sequence d(fk,M)2 is strictly decreasing and it converges to
limk ∥∇fk∥22 − Sn ∥f∥22∗.

Proof. Applying U does not affect the values involved, so we just need to discuss
the application of R. Look at the identity 4.5:

• The first term is decreasing by the Pólya-Szegő inequality.

• Recall from the appendix that fk → cg0 in L2∗ for c > 0 such that ∥f∥2∗ =

∥cg0∥2∗ , therefore the second term coincides with Sn ∥f∥22∗ by Hölder inequal-
ity and g0 ∈ M. Moreover it is strictly increasing due to the properties of R
and because the functions in M are radially decreasing up to translation.

In order to conclude, let us distinguish two cases:

• d(fk,M) ≥ δ1 ∥∇fk∥2 for all n: since d(f,M) ≤ ∥∇f∥2, we have

E(f) ≥
∥∇f∥22 − Sn ∥f∥22∗

∥∇f∥22
≥

limk ∥∇fk∥22 − Sn ∥f∥22∗
limk ∥∇fk∥22

≥ δ1 .

• Otherwise let k be an index such that

d(fk,M)2 ≥ δ1 ∥∇fk∥22 d(fk+1,M)2 < δ1 ∥∇fk+1∥22 .

Then let us consider the usual curve [0, 1] ∋ t ↦→ gt ∈ L2∗(Rn) from Ufk to
fk+1 made of continuous Steiner symmetrizations.

Remark. The idea is the following: if there was an s such that d(gs,M)2 =

δ1 ∥gs∥22, then we could perform the following computation

E(f) ≥
∥∇f∥22 − Sn ∥f∥22∗

∥∇f∥22
≥

∥∇gs∥22 − Sn ∥f∥22∗
∥∇gs∥22

= δ1E(gs) ≥ δ1ε0θ

The main issue is that none of these terms are continuous in t, and we can
only rely on the right continuity of ∥∇gs∥2 (see the appendix).

Indeed, let
τ = inf

{︁
s ∈ [0, 1] : d(gs,M)2 < δ1 ∥∇gs∥22

}︁
.

Then by identity 4.5 and right continuity we get d(gτ ,M)2 ≤ δ1 ∥∇gτ∥22.
Finally, similarly to before, given ℓ = lims→τ− ∥∇gs∥22 ≥ ∥∇gτ∥22 and assuming
gτ /∈ M, we have

E(f) ≥ δ1
ℓ− Sn ∥gτ∥22∗

lims→τ− d(gs,M)2
= δ1

ℓ− Sn ∥gτ∥22∗
ℓ− Sn supg∈M1

⟨gτ , g2∗−1⟩2
≥ δ1E(gτ ) ≥ δ1ε0θ ,

where the monotonicity in the second to last step holds because ∥gτ∥2∗ ≥
supg∈M1

⟨gτ , g2
∗−1⟩ by Hölder inequality. If gτ ∈ M then the third term is

precisely δ1 (numerator and denominator are equal).
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4.4 General Sign

Finally, let f ∈ Ḣ1(Rn) be any function with ∥f∥2∗ = 1 and m = ∥f−∥2
∗

2∗ ∈
[0, 12 ] without loss of generality. The thesis will follow from a standard concavity
argument, analogous to the isoperimetric case.

Indeed, for any function h, let us define D(h) = ∥∇h∥22 − Sn ∥h∥22∗ . Setting
αn = 2

2∗ = 1− 2
n , we introduce the function

ψ(t) = tαn + (1− t)αn − 1 ,

which satisfies ψ(m) ≥ (2− 2αn)mαn analogously to 2.6. In conclusion

D(f) = D(f+) +D(f−) + Snψ(m)

≥ D(f+) + (2− 2αn)
(︁
D(f−) + Snm

αn
)︁

= D(f+) + (2− 2αn) ∥∇f−∥22
≥ min{δ1ε0θ, 2− 2αn}

(︁
d(f+,M)2 + ∥∇f−∥22

)︁
≥ 1

2
min{δ1ε0θ, 2− 2αn}d(f,M)2 .



Chapter 5

The Current Attempt

5.1 Refining Fuglede

For notation purposes, let us phrase the problem in Sn ⊂ Rn+1 and normalize the
surface measure σ of Sn.

An algebraic observation that makes the perimeter functional for a graphical set
more manageable is the following: if E is described by u, then after defining

r = (1 + u)
n
2 − 1 ,

we have
P (E)

(n+ 1)ωn+1
=

ˆ
Sn

(1 + r)2
√︃

1 +
4

n2
|∇r|2

(1 + r)2
dσ

and
|E|
ωn+1

=

ˆ
Sn

(1 + r)q dσ

for q = 2n+1
n = 2 + 2

n (and θ = 2
n). Then the sharp isoperimetric inequality reads

as
δ(E)

nωn
=

ˆ
(1 + r)2

√︃
1 +

4|∇r|2
n2(1 + r)2

dσ −
(︃ˆ

(1 + r)q dσ
)︃ 2

q

≥ 0

for every r ∈ H1(Sn) such that r ≥ −1 or equivalently, setting h = 1 + r,
ˆ
h2

√︃
1 +

4|∇h|2
n2h2

dσ ≥ ∥h∥2q (5.1)

for any h ≥ 0. Note that it also holds for every h ∈ H1(Sn) (by plugging |h|).
Moreover

α(E) ≤ |E∆B|
|E|

≤ ωn+1

|E|

ˆ
Sn

|(1 + r)q − 1| dσ ≲
ˆ
Sn

|(1 + r)q − 1| dσ ,

where the last step is possible whenever we assume that |E| ≍ ωn+1, which will be
the case for us (note that we are not assuming |E| = ωn+1).
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5.1.1 With Lipschitz Bound

In this framework, we will discuss a possible approach to look for a asymptotically
sharp quantitative isoperimetric inequality for sets satisfying ∥∇u∥∞ ≤ ε universal
(stronger than Fuglede’s result). First note that

∇r
1 + r

=
n

2

∇u
1 + u

and consequently
⃦⃦ ∇r
1+r

⃦⃦
∞ ≲ εn.

As previously mentioned, we want to manage all sets with a universally small
asymmetry index. In this framework, however, the natural quantity to bound is
directly ∥r∥q rather than α(E). This is not a major issue: indeed, if ∥r∥q ≤ 1 we
have

α(E) ≲ ∥r∥1 + ∥r∥qq ≲ ∥r∥q ,

and on the other end xq ≲ |(1 + x)q − 1| for all x ≥ −1, therefore

∥r∥qq ≲ α(E) .

Hence, trying to estimate ∥r∥q is reasonable, not only because it would imply
an analogous estimate for α(E), but also because a universal asymmetry bound
α(E) ≤ ε corresponds to a bound for ∥r∥q which is still universal.

Moreover, imposing that E has volume ωn and barycenter in the origin can be
stated in terms of r, but it is not the cleanest condition. For this reason, for the
moment, we only considered hypotheses which directly regard r itself. While it is
possible to translate the smallness conditions from one formulation to the other,
we will stick to this setting to avoid unnecessary technical noise.

Let us show a first naive approach to this idea.

Theorem 5.1.1. There exists a universal constant ε > 0 such that, if ∥∇u∥∞ ≤
ε√
n
, ∥r∥q ≤ ε and ˆ

Sn

r dσ = 0

ˆ
Sn

r x dσ(x) = 0 ,

then
Cθ ∥r∥2q ≤ δ(E)

for some universal constant C > 0.

Proof. To begin,

∥1 + r∥22+
(︂
1− C

ε

n

)︂
2

n2
∥∇r∥22 ≤

P (E)

(n+ 1)ωn+1
≤ ∥1 + r∥22+

(︂
1 + C

ε

n

)︂
2

n2
∥∇r∥22 .

(5.2)
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The idea is precisely to apply the left side of 5.2 and then follow the proof of the
Sobolev case by Dolbeault et al.: divide r = r1 + r2 + r3 in the same way, and
redefine A = n2

2 and θ = 2
n , then following the same computations one can check

that n2

2 δ(E) is greater than

ε0θ

(︃
∥∇r∥22 +

n2

2
∥r∥22

)︃
+ I1 + I2 + I3 ,

where

I1 = (1− 2Cεθ − ε0θ) ∥∇r1∥22 − n(1 + ε0 + ε1) ∥r1∥22 + nσ0(∥r2∥22 + ∥r3∥22)
I2 = (1− 2Cεθ − ε0θ) ∥∇r2∥2 − n(1 + ε0 + σ0 + Cε1,ε2) ∥r2∥

2
2

I3 = (1− 2Cεθ − ε0θ) ∥∇r3∥22 + A(1− (σ0 + ε0)θ) ∥r3∥22 −
2

q
A(1 + ε2θ) ∥r3∥qq .

Since we have a new contribution proportional to θ, the computations of the origi-
nal proof can be carried out in the same exact way for a suitable ε > 0 universally
small enough.

Finally the isoperimetric inequality 5.1, together with the right hand side of 5.2,
gives

∥r∥22 +
n2

2
∥∇r∥22 ≳

n2

2
∥r∥2q .

We would like this approach to work also for the weaker condition ∥∇u∥∞ ≤ ε.
However, this would mean that the estimate 5.2 holds with Cε instead of C ε

n , and
consequently we would carry a factor Cε inside the terms Ij . Unfortunately, we
note the following issues:

• I1 and I2 can be bounded in the same way, because in both cases one can
can rely on harmonics with big enough degree. For example, intuitively I1 ≃
∥∇r1∥22−(1+Cε)n ∥r1∥22, but we can ensure that (up to small terms) ∥∇r1∥22 ≥
2n(1− Cε) ∥r1∥22.

• Instead I3 is problematic because we would like to reduce to the isoperimetric
inequality via the right side of 5.2, but the contribution of Cε cannot be
absorbed by terms with a factor θ = 2

n .

In particular, this decomposition does not seem capable of proving the bound
under our weaker hypotheses.

Note that the condition ∥∇u∥∞ ≤ ε√
n

is not directly comparable with Fuglede’s
hypotheses ∥u∥∞ ≤ ε

n and ∥∇u∥∞ ≤ ε, therefore this is a new, but weak, result.
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5.1.2 With Volume Bound Only

Our hope is to somehow further drop the Lipschitz bound in the previous attempt,
therefore one would like to nicely bound the perimeter functional without relying
on a Taylor expansion, but only on monotonicities.

In particular, following the previous computations, it is clear that the loss in 5.2
is not an intrinsic obstacle of this problem, but instead a symptom that this is not
the correct point of view.

At the moment, this approach remains a work in progress.

5.2 From Local to Global

Let us briefly discuss the main obstacles we face:

• We can restrict to α(E) ≤ ε for any fixed universal ε > 0: indeed, let En =

SnEn−1 be a sequence of Steiner symmetrizations converging to a ball B,
then, analogously to the Sobolev case, they define a curve t ↦→ Et which is
continuous in L1(Rn), such that |Et| is constant, P (Et) is decreasing and
Et → B. Then there exists an index s such that α(Es) = ε, therefore

α(E)√︁
δ(E)

≤ 2

ε

α(Es)√︁
δ(Es)

.

A significant limitation of this approach is that it only restricts to sets which
are round in measure, lacking any additional regularity properties.

The Sobolev case was significantly different because it was possible to perform
the local expansion for any sufficiently close function.

• The selection principle by Cicalese and Leonardi is not the right tool for us,
for a few evident reasons:

– One needs to restrict to uniformly bounded sets, a step which already
adds a large dimensional constant.

– The result by Tamanini is reminiscent of other well known regularity re-
sults, like Allard’s theorem for stationary varifolds and Schauder’s regu-
larity for uniformly elliptic PDEs. In all these cases, the proof strategy is
the same, and it is clear that any quantitative estimate is either impossible
or at most extremely weak.

– The proof relies intrinsically on a contradiction argument. Indeed, the
selection principle makes us lose track of any original convergence rate,
given that Fj → B is obtained with the standard subsequence argument.

• An alternative strategy involves applying a star-shaped symmetrization to E,
potentially developing a continuous version of this transformation.
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A natural first attempt is to fix an optimal ball and perform a one dimensional
(continuous) Steiner symmetrization on every line passing through the center.
More precisely

E∗ =
⋃︂

ν∈Sn−1

[︃
−H1(E ∩Rν)

2
,
H1(E ∩Rν)

2

]︃
ν ,

which is also graphical in Fuglede’s sense. It is in fact well known that this
process decreases the perimeter (and one expects the continuous version to
do the same). However it can also drastically decrease the volume, since the
formula in spherical coordinates R×Sn−1 involves the rapidly increasing factor
tn−1.

Consequently, one could hope to use the volume-fixing version of this trans-
formation, namely

E∗
V =

⋃︂
ν∈Sn−1

[︃
−ℓ(E, ν)

2
,
ℓ(E, ν)

2

]︃
ν ,

where
1

n
ℓ(E, ν)n =

ˆ
Eν

tn−1 dt

with Eν = {t ∈ R : tν ∈ E}. However, Kawohl found explicit examples of sets
(and functions) satisfying P (E) > P (E∗

V ) (see [34]). In these contexts, the
correct inequality to expect would concern an appropriate weighted perimeter.
Many instances of this phenomenon have been found in more recent years.



Appendix A

(Continuous) Symmetrizations

Symmetrizations have been revolutionary tools in the study of shape optimization
problems. In this section we present some of their properties and, most impor-
tantly, we define the continuous Steiner symmetrization, first introduced by Brock
(see [12], [13]).

A standard reference for classical symmetrizations is [36].

Theorem A.0.1 (Brock). Let H be a hyperplane in Rn and D = R+ ∪ {+∞}.
There exists a family of operators {Mt}t∈D on Lp

+(Rn) for any 1 ≤ p < ∞ such
that:

1. M0 = Id and M∞ = SH , where SH is the Steiner symmetrization with respect
to H.

2. The operators satisfy Mt ◦Ms =Mt+s for all t, s ∈ D.

3. Mt(f) is equimeasurable with f for all t ∈ D.

4. For any f, g ∈ Lp
+(Rn) we have

∥Mt(f)−Mt(g)∥Lp(Rn) ≤ ∥f − g∥Lp(Rn)

for all t ∈ D.

5. For any f ∈ Lp
+(Rn) and g ∈ Lq

+(Rn) with 1
p +

1
q = 1, we have

ˆ
Rn

fg dx ≤
ˆ
Rn

Mt(f)Mt(g) dx

for all t ∈ D.

6. If f ∈ Ẇ 1,p(Rn) and f ≥ 0, then Mt(f) ∈ Ẇ 1,p(Rn), and the curve t ↦→
∥∇Mt(f)∥Lp(Rn) is non-increasing.
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7. The curve t ↦→Mt(f) is continuous in Lp(Rn).

8. If f ∈ Ḣ1(Rn) and f ≥ 0, the curve t ↦→ ∥∇Mt(f)∥L2(Rn) is right-continuous
(see [23]).

The construction is initially defined for positive functions in Lp(R). For a general
positive function in Lp(Rn), we then apply it to every line orthogonal to H. The
idea is the following:

• If f = χE with E =
⨆︁j

k=1 Ik for some open intervals Ik, we translate their
centers towards the origin: more precisely, if I = b + (−a, a) we consider
t ↦→ e−tb + (−a, a), which is exponential for composition purposes. The first
time two of them touch, say t0, we will have a new decomposition Et =

⨆︁j′

k=1 I
′
k

and we restart the flow analogously (clearly with respect to the new centers).

• If f =
∑︁j

k=1 ckχIk is a positive simple function, the level sets are finite unions
of open intervals, hence we can define Mt(f) via the layer-cake formula:

Mt(f) =

ˆ ∞

0

χMt({f>t}) dt .

• Finally, one can easily check that ∥Mt(f)−Mt(g)∥p ≤ ∥f − g∥p for all simple
functions f, g and 1 ≤ p <∞, therefore we can define Mt on the whole Lp

+(R)

by density.

Theorem A.0.2 (Brascamp, Lieb, Luttinger (see [11])). Given any function f ∈
Lp(Rn) there exists a sequence of Steiner symmetrizations Sk (of hyperplanes pass-
ing through the origin) such that fk = Sk . . . S1f → Rf in Lp(Rn).

Proof. Inductively choose the k-th Hk hyperplane in such a way that

∥Skfk−1 −Rf∥p ≤ inf
H

∥SHfk−1 −Rf∥p +
1

k
.

Moreover observe that infH ∥SHf −Rf∥p < ∥f −Rf∥p whenever f ̸= Rf . It
is well known that Steiner symmetrizations do not increase the Lp modulus of
continuity, so that ∥τhfk − fk∥p ≤ ∥τhf − f∥p for all h ∈ Rn and in particular
the sequence is equicontinuous. Moreover, one can also prove that fk is equitight,
therefore (fk) is precompact in Lp(Rn) by the Riesz-Fréchet-Kolmogorov theorem.

Let fkj → g be a subsequence converging in Lp(Rn). If by contradiction g ̸=
Rf (also note that Rg = Rf), then there exists a symmetrization S such that
∥Sg −Rf∥p = ∥g −Rf∥p − ε for some ε > 0. Because fkj → g strongly, for j
large enough we have⃦⃦

fkj −Rf
⃦⃦
p
− 1

kj
≤
⃦⃦
Sfkj−1 −Rf

⃦⃦
p
≤
⃦⃦
fkj−1 −Rf

⃦⃦
p
− ε

2
,

and in turn also
⃦⃦
fkj −Rf

⃦⃦
p
≤
⃦⃦
fkj−1 −Rf

⃦⃦
p
− ε

4 , which is impossible. Fi-
nally, since every convergent subsequence must converge to Rf and the sequence
is precompact, we have fk → Rf in Lp(Rn).
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Let R be the radial rearrangement on Rn and U the conformal transformation
on Rn such that

Uf(x) =

(︃
2

|x− en|2

)︃ d−2
2

f

(︃
1

|x− en|2
(x1, . . . , xn−1, |x|2 − 1)

)︃
,

which, when read on the sphere Sn via stereographic projection, corresponds to a
rotation of the last two components:

(UF )(ω1, . . . , ωn, ωn+1) = F (ω1, . . . , ωn+1,−ωn) .

It is easy to check that U is an isometry of both L2∗(Rn) and Ḣ1(Rn), and in turn
it preserves the ratio ∥f∥2∗

∥∇f∥2
, whereas R is an isometry in any Lp(Rn) and satisfies

the Pólya-Szegő inequality

∥∇(Rf)∥L2(Rn) ≤ ∥∇f∥L2(Rn) .

For example, it easily follows from applying the sharp isoperimetric inequality to
the coarea formula for f . From these properties we deduce that the ratio ∥f∥2∗

∥∇f∥2
is

non-decreasing when applying R.

Theorem A.0.3 (Carlen, Loss (see [16])). Given any non-negative function f ∈
Ḣ1(Rn), the sequence fk = (RU)kf converges in L2∗(Rn) to the Aubin-Talenti
bubble

g =
c

(1 + |x|2)
n−2
2

with c > 0 such that ∥g∥L2∗ = ∥f∥L2∗ .

Proof. By the non-expansivity of R, it is sufficient to prove the theorem for a dense
subset of L2∗(Rn), so we can assume that f is bounded with bounded support. Now
note that both R and U are monotone operators, therefore if f ≤ Cg for some
C > 0, then we also have fk ≤ Cg and consequently fk is dominated by a function
in L2∗ . Moreover the functions fk are all radially decreasing, therefore there exists a
subsequence kj such that fkj → h a.e. for some h by Helly’s selection theorem, and
also in L2∗ by dominated convergence (we do not know that RUh = h yet because
we passed to a subsequence). Finally note that

⃦⃦
fkj+1

− g
⃦⃦
2∗

≤
⃦⃦
RUfkj − g

⃦⃦
2∗

and in turn

∥h− g∥2∗ ≤ ∥RUh− g∥2∗ ≤ ∥Uh− g∥2∗ = ∥h− g∥2∗ ,

which means that Uh is radially decreasing, but h is also radially decreasing and
this can only happen if h = g.

Remark (Sharp Sobolev inequality). Since the ratio ∥fk∥2∗
∥∇fk∥2

is increasing during this

procedure and limk
∥fk∥2∗
∥∇fk∥2

≤ Sn (the ratio of any Aubin-Talenti bubble) by weak
lower semi-continuity, it means that the optimal constant for the Sobolev inequality
is precisely Sn.



Appendix B

Finite Perimeter Sets

A standard reference for the material presented in this appendix is the monograph
by Ambrosio, Fusco, and Pallara [3].

We begin by introducing the space of functions of bounded variation and the
decomposition of their distributional gradient.

Definition B.0.1. Let Ω ⊂ Rn be an open set. A function u ∈ L1(Ω) is said to be
of bounded variation, denoted by u ∈ BV (Ω), if its distributional gradient Du is a
finite vector-valued Radon measure on Ω.

A set E ⊂ Rn is a set of finite perimeter in Ω if its characteristic function χE
belongs to BV (Ω). The perimeter of E in Ω is defined as P (E,Ω) = |DχE |(Ω).

Theorem B.0.1. Let u ∈ BV (Rn) and let

Du = Dau+Dsu = ∇uLn +Dsu

be the Lebesgue decomposition of Du with respect to Ln, then the singular measure
Dsu can be uniquely split into a Cantor part Dcu and a jump part Dju, satisfying
the following properties:

1. Dju is concentrated on the approximate jump set Su and is given by

Dju = (u+ − u−)νuHn−1 Su ,

where u+ and u− are the upper and lower approximate limits of u along the
direction of the measure-theoretic normal νu of Su.

2. Dcu is singular with respect to Ln and moreover |Dcu|(A) = 0 for any Borel
set A with Hn−1(A) <∞.

Definition B.0.2. Let E ⊂ Rn be a Lebesgue measurable set. For any t ∈ [0, 1],
the set of points of density t is defined as

E(t) =

{︃
x ∈ Rn : lim

ρ→0

Ln(E ∩Bρ(x))

Ln(Bρ(x))
= t

}︃
.
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The essential boundary of E is defined as

∂∗E = Rn \
(︂
E(0) ∪ E(1)

)︂
.

Definition B.0.3. Let E be a set of finite perimeter in Rn. The reduced boundary
of E, denoted by ∂∗E, is the set of points x ∈ supp(|DχE |) such that the limit

νE(x) = − lim
ρ→0

DχE(Bρ(x))

|DχE |(Bρ(x))

exists and satisfies |νE(x)| = 1.

We now report the structure theorem for the reduced boundary due to De Giorgi.

Theorem B.0.2. Let E ⊂ Rn be a set of finite perimeter, then:

1. DχE is concentrated on the reduced boundary ∂∗E and satisfies

DχE = −νE Hn−1 ∂∗E .

In particular P (E) = Hn−1(∂∗E).

2. The reduced boundary ∂∗E is countably (n− 1)-rectifiable, meaning that

∂∗E = N ∪
∞⋃︂
h=1

Kh ,

where Hn−1(N) = 0 and each Kh is a compact subset of a C1 hypersurface.

3. For every x ∈ ∂∗E, the dilated sets Ex,ρ =
E−x
ρ converge in L1

loc(Rn) as ρ→ 0

to the inner tangent halfspace HνE(x), defined by

HνE(x) = {y ∈ Rn : y · νE(x) ≤ 0} .

Theorem B.0.3. Let E ⊂ Rn be a set of finite perimeter. Then

∂∗E ⊂ E(1/2) ⊂ ∂∗E

and
Hn−1(∂∗E \ ∂∗E) = 0 .

Next, we recall the behavior of functions of bounded variation under traces,
compositions, and product operations.
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Theorem B.0.4. If R ⊂ Rn is an (n − 1)-rectifiable set and f ∈ BV (Rn), then
for Hn−1-a.e. point x ∈ R with normal νR(x), there exist values f+(x), f−(x) ∈ R
such that

lim
ρ→0

1

ρn

ˆ
B±

ρ (x)

|f(y)− f±(x)| dy = 0 ,

where B±
ρ (x) = {y ∈ Bρ(x) : ±(y − x) · νR(x) > 0}.

Theorem B.0.5. Let u ∈ BV (Rn;Rm) and let f ∈ C1(Rm) be a Lipschitz function
such that f(0) = 0. Then v = f(u) ∈ BV (Rn) and its distributional derivative is
given by

D(f(u)) = ∇f(u)∇uLn +∇f(ũ)Dcu+ (f(u+)− f(u−))νuHn−1 Su ,

where ũ is the approximate limit of u, and Su is its jump set.

Applying the chain rule to a product function yields the following decomposition.

Corollary B.0.1. If u, v ∈ BV (Rn) ∩ L∞(Rn), then uv ∈ BV (Rn) and D(uv)

can be decomposed as follows:

∇(uv) = u∇v + v∇u,
Dc(uv) = ũDcv + ṽDcu,

Dj(uv) = (u+v+ − u−v−)νSu∪Sv
Hn−1 (Su ∪ Sv) .

A particular consequence is the generalized Gauss-Green formula

Divf(E(1)) =

ˆ
∂∗E

trE(f) · νE dHn−1

for every set of finite perimeter E and f ∈ BV (Rn;Rn), where Divf denotes the
divergence measure of f .

Finally, we include the behavior of sets of finite perimeter under slicing due to
Barchiesi, Cagnetti, and Fusco (see [6]).

Theorem B.0.6. Let E ⊂ Rn be a set of finite perimeter. For (x′, y) ∈ Rn−k×Rk,
define Ex′ = {y ∈ Rk : (x′, y) ∈ E} and vE(x′) = Hk(Ex′). Then vE ∈ BV (Rn−k)

and
P (E) ≥

ˆ
Rn−k

√︁
P (Ex′)2 + |∇vE(x′)|2 dx′ + |DsvE |(Rn−k) , (B.1)

and equality holds whenever E is axially symmetric.
If in addition

Hn−1({x ∈ ∂∗E : νE(x) ∈ Rn−k × {0}}) = 0 ,

then vE ∈ W 1,1(Rn−k), meaning that |DsvE |(Rn−k) = 0.
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Corollary B.0.2. Let E be a set of finite perimeter and E∗ be its Steiner sym-
metrization with respect to Rn−k. Then P (E) ≥ P (E∗).

Proof. By definition of the Steiner symmetrization, E∗
x′ is a k-dimensional ball

with the same volume as Ex′ , which means that vE = vE∗ . The thesis follows from
applying the sharp isoperimetric inequality to the slices, which gives P (Ex′) ≥
P (E∗

x′) for Hn−k-a.e. x′.
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